Ja\ KOK

Math_‘ mahcs'

-
2

KHYBER PAKHTURIGHWA
TEXTBOOK BOARD PESHAWAR



oo N—
0 ¢ EXsSIiIBOOK: =
All rights reserved with Leading Books Publishers, Peshawar e ? A @? -
’ ‘ HAN R

Developed according to the National Curriculum 2006 and approved by e \ vy )
Directorate of Curriculum & Teacher Education (DCTE), réieatiy '] ! ! [ ! 1 r ! 2

NOC No. 6467-70/F-03Vol-lIMaths-X(LBP) Dated: 04-12-2018
Developed by: Leading Books Publishers Peshawar

Authors: :
Dr. Muhammad Shah, Naseer Ahmad, Ms. Shoukat Qadeer |
Zulfiqar All Jamil, Abdul Stam Kohsary i

Review Supervision:

Gohar Ali Khan, Director Curriculum and Teachers Education,
Khyber Pakhtunkhwa, Abbottabad.

Focal Person:
Zulfigar Khan, Additional Director, Directorate of Curriculum and
Teachers Education, Khyber Pakhtunkhwa, Abbottabad.

Re-reviewers:
Nadeem Sultan Principal GHS, Pawa, Abbottabad.
Basharat Jadoon SS, GHSS, Bandi-Dhoondan, Abbottabad. !
Muhammad Nasim SS, GHSS, Trappi Mansehra. i b2
Mukhtiar Muhammad (M&E) SS, DCTE, Abbottabad. !
Shakee! Igbal Ex-SS, KP Textbook Board, Peshawar. ‘ |

Editor:
Nasir Kamal, Desk Officer ( Maths) |
Khyber Pakhtunkhwa Textbook Board Peshawar. :

Printing Supervision:
Syed Muhammad Farrulsagqlain, (Chairman) |||
Abdul Wali Khan, Member (E&P), I [
Khyber Pakhtunkhwa Textbook Board, Peshawar.

Printed for Academic Year: 2023-24
Website: www kpthb,gov.pk

Email: memberibb@yahoo.com
Phone No. 091-9217159-6C

KHYBER PAKHTUNKHWA
TEXTBOOK BOARD PESHAWAR

MOT FOR SALE i




- QUADRATIC
=~ EQUATIONS

S.No. ‘UNIT
san b Quadratic Equations 1 In this unit the students will be able to
fine o quadrati ion,
2 Theory of Quadratic Equations 22 : ?:1.:. ;mr:ccc;qu‘:mnm variable by
- o Factorization
3 Variations 50 o Completing sguare method
4 | Partial Fractions 71 et b v
5 Sets and Functions 84 @ Solve cquations, reducible 1o g drati fmn.o.fthuypc ar'svhe've =0,
@ Solve the equations of the type: aplx)+ =c.
6 Basic Statistics 120 P
fve reciprosal equations of the ty PORLE BTN (9] ) [P
’ 7 Introduction to Trigonometry 162 O '(’ x’] b("x] 1
S " @ Solve cxpooential equations in which the varsables occur in expanent
8 PI'OJGC"OI'I of a Side ofa Tﬂaﬂg'ﬂ 193 @ Solve cquations of the type (x+ a)(x+ b)(x+e)x= ) = k, where a +bac+d.
@ Solve equations of the type:
9 Chords of a Circle 202 o farTudvd
10 Tangent to a Circle 212 ¢ vx_'; sdrrb=ise
1 Chords and Arcs 225 O EFAMIEIVEITIIng;
12 Angle in a Segment of a Circle 238 0 T
: 7 = ax :
13 | Practical Geometry 250 i LR
£ 0
Answers 270 AT
Glossary 296 Quefiats e
Lancar ferm
Constant term

Index .
e - NI ""':‘_“T-"i i RN ,'“ CZTER 3 AL hulhmnm-;.\’-



[ |
Z . Unit 1 Quadrotic Equatice;

Why it's important Q

Balls, Arrows, Missiles and Stones

When you throw a ball (or shoot an arrow, fire a missile
or throw a stone) it goes up mto the air, slowing as it
travels, then comes down again fasterand faster ...

... and a Quadratic Equation tells you its position at all
times! .

Quadratic Equations are useful in many other a1cas:

For a parabolic miror, a refiecting telescope or 3
satellite dish, the shape is defined by a quadratic
equation.

Quadratic equations are also needed when studying
lenses and curved mirrors.

Many questions involving time, distance and speed
need quadratic equations,

EWE Quadratic equation

A quadrstic equation in one varisble is an equation that can be written in the form

ay’ +bx + c=0, wherea, b,and ¢, are real numbersanda=0.

this makes it Quadninic o O“ ez

"2 e name Quadratic comes

S¢'-3x+3=0 from"quad”meaning square

Examples of quadratic equations include ot ribe ::r::;,:' :5:‘ 3, P

P ax+1=0, 2¥ -3=0, ¥’ +2xr=0,and x*=3x+1.
Solution of quadratic equations

All those values of the variable for which the given equation is truc are called sodurion or oty
of the equation, and the set of all solutions is called solution sct.
For example, the quadratic equation x* = 9=0 is true only forx=3and y =3, hence x =3 and
x w3 are the solutions or roots of the quadratic equation.y’' —9=0and {3.-3} isthe solution
set.
We may solve quadratic equations by the following methods.

(1) by factorization

(b) by completing the square

(c) by quadratic formula

|
Unit 1 Quadrotic Egquations . .
(a) Solution of a quadratic equation by factorization

A quodratic equation can casily be solved by splitting it in factors. The factorization method
is illustrated in the following examples:

Example [l Solving a quadratic equation with factorization.
Solve each quadratic equation by factorization. Check your results
(i) 28 +2e—11=1 (i) 1260 =141

Arp————=TT =TT

Solution
(i) Start by writing the equation in the form ax’ + by +¢ = 0.
27+ 2= 11 =1 given equation
270 +2%=12=0 subtract | from each side
XHx-6=0 divide each side by 2 (optional step)
(x+3)x-2)=0 factor
x+3=0 or x=2=0 zero-product property
x=-3 or x=2 solve

These solution can be checked by substituting them in the given equation.

2028 +2(2)-11 =1
1=1 (i)

2A-3P +2A-3)-11 =1
11 (true)
(i) Write the equation in the form at” + bt +¢ = 0

12e=t+1 wiven cquEition
12 <t-1=0 sttt il |
(3= )+ 1)=0 lisclonioe
It-1=0 or 4+1=0 zero-product propeey
i -1
1== or t=— solw
3

To check these solutions, substitute them into the given cquation.

Ty This =

1y 1 Sobve the followiny equatioes
II(;) =-j" '2(--'] aeil (iya'+Ta-8=0
4 4 33 (ii). 6p" + Tp-20=0
—=— (i) = (ued
i3 4 4

e tAT an SA '—E S Alhenstio N r‘? : :
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g Example () Solution af a quadratic cquation by completing squnre ¥

. ith o velocity of 14 m/s. When ome quadratic cquations are not easily factorized and hence it is not i
Aball it’lll“‘l'l straight up, from 3 mabave the ground wi ty folulion by iacibstion, c it is not casy 1o find their
docs ithit the ground? ) o X .
) For example, the quadratic equation x' + by = —¢ cannot be casily factorized. Such quadratic

" Solation ./ equation can be solved by completing the square method

We can work out its height by adding up these three things: 5 5 . $3 +§

The height starts ot 3 m: 141 ' 5§

1t travels upwards at 14 meters per secand (14 m/s): : - . |

Gravity pulls it down, changing its position by about § m per second squared: ... 5¢t* Xl o« ¥ fot | % S o
(the -5t i simplifiedd from ~(%)ar’ witha = 9.8 m/s°) B | ] B('Z-]

Add them up and the height & at any tinse £is: I 115 time in seconds l f::

h=3+14t- 50
And the ball will hit the ground when the height is zero:

&b (x4~ af

3 1
3+ 141-5r=0 H- | [nlb]:[-l-b] -
O 56~ 141-3=0, ;-li.—.h { : 2
Which is a quadratic equation, f—" ",_T:T | |
Letus solveit .. {170 1, S
Replace the middle term with —15 and 1 §an F“‘? i [ r+2h - ab -c
ie ST 15t+1-3=0 = (8 !
St-3)+ 10-3)=0 | 9 | "
(St L-3)=0 6 N v=-chi [;h] 2o
And the two solutions are: i : -
$l+l=(:nr|~l=0 14 (03 Try This
1-=02 013 2
'.I Bt 0.2 ina msative e which b : Wik st e il b odtain gt foct siqueane? 1] \\-'«:3\ 1)y _
D impassable in our case, 020y ST
The " = 3" is the answer we want; R TN Stens i , i
g Steps iy obed b completing e sigmne
The ball hits th seconds!
its the ground after 3 ! (i).  Write the quadratic equation in its standard form,
] (ii).  Divide both sides of the equation by the co-efficient of v* if it is other than 1,
(0.3) says when t=0(atthe start) the ballis at 3 m (ii1). Shift the constant term to the right-hand side of the equation.
: ﬂ-ﬂ)mﬂﬂmnzseoondslheballimmldkvel. (iv). Squarehalfthe co-cMicient of xand add the squase to both sides.
StudyTip = - - (V). Write the lefi-hand side of the equation #s a perfect square and simplify the
The examples in the fo " e : right-hand side. : )
| Sy ll:.-aupb)mm‘:lﬁ::ﬁz :t::[n‘:lz‘::: 4::-“' o sucess with the exive st (vi), Take sepure toot of both sides of the eyeation and solve the resulting equation to

stilistiteticnss e explaations Tl
ey vabashile tin: wilen sonabe yosin bonniens ),

ol I 0T

L e you spend Sty g i examples will

find the solutions of the equation

CmrAaricAapiciAlican
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l Example [ Completing the square,
Solve cach equation
F-Be49=0

. i

Snnbywﬁdngmecqwimiamefomx’+h=d.

~fy+9=0 given cquation )
ﬁ_a;-.q subtract 9 from each side €A Avoid Errors
2 ’ When completing the |
Y oBr+16=-9+16 add (;'J =(ﬁ) =16 square tosolve an equation
-4y =7 o 2 make sure that
yed=2 7 the perfect square o thecocfficientofx’is 1 |
)

Nl square root property o youadd the term (b2)t0 |
x=4 2 ol 4 1o G sido both sides of the
Sobdons«-{loﬁ.-i-\ﬁ} o evors equation. |

KR! Quadratic formula

The general form of quadratic equation isax’ + bx + ¢ = 0, where a, b and ¢ are real numbers
and “a™ is not equal to zero. By using completing the square method we can derive the
quadratic formula for the solution of all quadratic equations.

ar thrtc=0
arf +hr=-c shift the constant term to the right of the equation

v 0;" v=-5_ divide sll terms of both sides by 1.

a
bYW ; .
Add 2, | ", 1o both sides of the equation.

b b b ¢
A i
e & o
RS |
- (“_L) b =4ac
2a 4
= x+igt b:_‘",i“s,“‘“
= 4’ ag*
5 yu-dg Wb —dac
2

= X= ﬂ_‘ E) -dac

e Which is the required quadratic formula,

- TN\ C0 e —

Unit 1 Quadrotic Eqm.mg.u 0:

Uit 1 Quodratic Equatans . . .
Example Using the quadratic formula,

Solve the cquation 3v® = 6x+2 = 0 Activity 2
~ Solution | Use an online calculator
Leta=3,b=<6andc=2 To solve the following
(oo ¥ m N, l g’u:d"r;uc equations step
NEm— dratic formuly
2a z 20 -9 +4=0
~(-6)+ -6/ - 40332 ;
x= 20) X2) substitute for a, b and ¢ ;
ry Thi
6412 — il
X = — simplify Salve
6 (). 4’ +3x-2=0
= | (i), 9 = 42¢+ 49 =0
B (ii).5x' = 10+ 13=0

; T

Example Salstion Set= {l +JJ-'[-,7§'}

A company is making frames as part of a new product hey are launching. The frame will be

cutout ofapicce of stcel. To keep the weight down, the final area should be 28 e’ The inside
of the Irame hos to be 11 em by 6 cm. What should the width r of the metal be?

Solution  Area of steel before curting: A=28
Area= (11 +2x) % (6 + 2¥) em’ =4 + 3dx + 6bcm? = \w
Arca of steel aller cutting oot the 11« & middle: v v e
Arca =47 130166 - 66 =47 ) 3dy 6 h|
Sinee the arca equals 28 om’ !' n -X -

I TR
MW 17 4 0 eea L6 1Tamle M
_ =b b -dac

2a

areandeane tonmnly

I ) (17) -4(2)(-14)

2(2) substifyte the vitlues
X = bt :E.g
—17+J401 . 2a
X & s aenphiny
4
A1 about 9.3 or 0.8
The negative value of ¥ make no sense, s6 the answer is:
v LN e (appros.)
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1. Solve cach of the following equations by factorization.

(i) P45c+d=0 (i), (x-37=4

(ifi). ¥ 4 Ix-10=0 (iv). 67 — 13x+5=0

(). U-D=des]) (VD xx=5)=(x-6)x=7)
1. Solve each of the following equations by completing the square.

(i) o +6e-40=0 (i), £=10c+11=0

(§ii). 4¢ + 120 =0 (iv). 55 - 10x-840=0

. 9.«’-6:+;5-o (vi). (x-1)fx+3) = S(x +2) =3
3. Solve esch of the following equations by quaclratic formula,

(@) -Sc+15=0 (i), ¥-2%-4=0

(i), 4 +3x=0 (iv). 3x(x=2)+ 1 =0
) ax 2 b
V) 6 =17x+12=0 ) (vi), -3- ThREY)
4. Find all solutions 1o the following equatioas
(i) F-%+7=0 (ii), 72+ by=r
(iti). i +4r+1=0 {iv) x4 10) = 10 (=10 - x)

&, Theeguation (y + 13)(y +a) has no limear term. Find valucof a.
. The equation i’ # Sv=3has = lasa solition. What is the other solution”?
T Whatis the positive difference ol the s of'y - Ty 9 - 412

\etiviny 1%
: y 3 e -

Verily the answers of Exercise |, | by using an online calculator.

"::‘:-f:"(rt',?‘}?.~‘77;'~." T.',”»'if": y Ummmwzswou@ma

2 Activity 25—
Solve the following quadratic equation ¥ —§x'415 =0 by
1) Factorization (i) Completing square

Verily the answer hy usinganundine cileulator,

Unit 1 Quadrosic Equations B . .,.
.

IEI Solution of equations reducible to quadratic form

The following types of equations ean be reduced to th i g
any of the method learntabove. e iy

Type u Equation of the form ax* + by’ 4 ¢ =0,
Example [ Solve 12x* <114% 42 =0
Solution By making substitution y = x? the equation becomes
12" = Iy + 2 = 0, which is a quadratic equation in terms of y and can be solved by

factorization,
(3r-2)ar-1)wo
Jy-2=0ordy-1=0

Polynomial of
degree four is
called biquadratic.

= y—gor_n:'
4

To find , use the fact that y =x° therefore,

7

.\’X=— or X'zl

3 “
2 1-

= x=% |- orxwt |-
3 4

2 1

= A=x = or x=%—

k) 2

- . b

Type Eopuation of the form a p(v)s ——=¢,
i Iy . o)
Example [ Solve 2x+—=9
it
Solution
v+ -'1 =9
X

Multiplying both sides by v, we get

\‘(2\04]» Oy
1
AT B

e o 11—} e
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2 -9x+dm0

e

which is a quadratic equation inx and can be
(2x-1)(x~ 4)=0

— x:-;-arx“

W
Henee the solutions are % 4 and the solution sct 1S {5 ‘}-

solved by factorization

I x+3_13

x= = —

Example [J Solve v e o WARNING p,? =
When you orm a substitulion|
Salution, 13 of varighle, you must remembey)
x=l x43 10 to go back and to express thel
x+3 x-1 6 answers in terms of the originall

x=1 1 x43 vanable
=22L Then ~= T2 —
Les 4 x+3 » x=1

|
Therefore, the given equatipn reduces o ."+;; - 3
Multiplying both sides by 6y, we get
6)° =13y +6=0, which is a quadratic equation in terms of x and can be solved

by factoring as follows:
(23~ 3)(3x-2)=0
= Ip=3=0 or 3y=-2=0

3 2
= p-= oy
3 G |

If ,.=i_mm‘_"=3
2 x+3 2
= 2x-2=3+9
= x=~]]
I }'E‘M_x;'-?_
3 x+3 3
= Ix=3=2x+6
Y x=9

Thes the solution setis {~119}.

RS
re )

Ut 1 Quadratic Equations

paype m Reciprocal equation of the form: 3("4-—'- +b x+-l- + 5
= x end
| Example ) Solve the following equations,

o i 1 ! :
0 z(-r ’,r) 9[x+;)+l4=o i) 8(x‘+;,’—]—42(x-%]+29=o
L Solution
. o |
(i) The given equation is 2(:’ +x—x)-9{x+%)+|4-o

Let :+%=y.squnwbothsidzs x'+%02=y’0tx’+—‘;=y’—2
Therefore, the given equation reduces as follows: s
2(3'=2)-9y+14=0
= 2 =4-9p414=0
or 2 -9y +10=0

The equation can be factorized
L R2y=5S)y-2)=0

e o ped
G 3 y=2

Now y:-;- and y=2
| S | = x4—-=2
= X+—== x
X 2 2
= 24 4 2=5x R i
or 2 —dx=x+2=0 =  F=+1=0
¢ ]
= 27 =d4r=-x42=0 = (==0)=0

= 2x(x=2)-Ux-2)=0
= (x=-2)Q2x-1)=0

Given x=2 or x =%

T }

|-

Hence the solutions are 2. % . 1 and 1. The solution set is {z.
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; (i) ml!“"m mlioﬂ is S[x' 4 ;?]-42[.‘—; +29=0 Type m

Equations that involve terms o

f ihe fi .
cquations. These equations can Ore 1” w

¥ be redueeq a 0._a * | are called ey
Lot X A ». Then [x— l) =y =y *-| -2=y* y=u". whichchanges the cquations jny,y ‘Dq."""‘“'c.cqu.‘nm ponential
- A ;  Example Solve 4.2 _ g9¢ Viid flerm ofy,

| )
lp—m)i 2.
= +.\" i | Solution_ |

42"~ 1024 4 = exponent
Therefore, the given equation reduces to 102+ 4-¢ == 3

F42)-42420=0 We may write the given equation ag a® 2
W42 -a2p429= o '
ghm-w+29=o G A2V 102+ 420 L base — |
g f "5 0 Let 2" = y. The above equation reduces to J
8y -42y+45~ PSR e
8y’ — 12y —30p+45=0 )

= 2 -Sy+2=0
= (-1)(y-2)=0

(Taking 2 common)

=

or

= 4Qy-3-152v-3)=0
=  (r=-3K4-15)=0

=

(Factorizing
2y~1= -2
y-3=0 or 4y-15=0 ® 4 I 0 or y-220
3 15 gives y=o or y=2
ghe y== or ys— +
3 = 2'=3 or 22
Now |=-2- . = =21 o202
| pasd =
= x_lg% = x=-1 o x=|
R0 ; Thus the solution set is {~1,1}.
=13 S il 90 £ ~ Solve the equation 2% 4 2+ — 1 | ONe-10-One Property of
x 2 ‘ ¥ x 4 L TR I #2710 | peponential Functions
or  2(x'-1)=3x or  4(x'=1)=15x Solution
alex -,1-»2 Ly L]
> 2'-3y-2=0 S AP -15-4=0 G ,": ’,'o ; If5"=b
24, 2¢ s G = —
(r=2){2r+1)=0 (x-4)(4x+1)=0 | = 2°.2'+2°2 IIU 0 then n=m
(r=2)=0 or (2r+1)=0 (x=4) =0 (4x+1)= Let 2" = 1. Then 2"=:
x=2 o ye-i =7 { . | The above equation reduces to
a
ay+d om0
. % A -1 -1 »
Hence the required solution set is 2, {1. -i-.-t. -4-}, = 47 -10y+4=0 taking 2 common
. =  2y'-5+2=0

i Mathematns \
'_-"’“ NOWEG RISHIE 5 N TR RIQMIEE =B
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e 2 Unit 1 Quadratic Equejy Jeotic Equationt
9 onﬁ U 1 Quadeatic Eq |

== - - AN factorizing
= = . @y-Diy-2=0 v Exerclse 1.2

= 2y-1=0 or y-2=0

s “=1 or y=2 1. Solve the following equations.
v 2
| ’ () x'-5c+4=0 (i) x'-7¢+12=0
» Teg o 22 :
- rx2! or 22 {in) 61‘-]1\"“5’:0 (av) 142-;%’5
= x=-l or x=1 s
y g . X - X+ -I_ e
Thmlhcsolﬂnmmls{-l.l}. (v), x = 2 (vi), e T
Wn eqmionsol'tbefmn(xbl)(l’*b)h*‘)(-”d):k )
where a+b=c+d (viih 3[.r’+%]-l6[x+£)+26=0 (viii), x+l] -lo(ulJne.o
X x
i Example [B Solve (x+1)(x+3){x-2)(x-4)=24
Selution , As  1+(-2)=3+(-4) fin). (X"L,]-(X--'-)-"-O (x). 3*-103+9=0
So re-arranging the factors on the kefl side of the given equation, we have L X
(xi). 33" -103"+1=0 {xii). 5 +5%" =126

[(x+0ex=2)] [(x+3)(x-4)]= 24
2 &k > A 5N —
= (! =x=2Nx*—x-12)=24=0 (xiii) (x=3)(x+9){(x+5)(x=T)=385
Let x*=x » y. The above equation becomes
(y=2)(y=12)-24=0
Felye24-24=0

¥ eldy=0
yo-14)=0 FUILIEIED
Sl e 2 ] Takeany lourdigilnumbcr.followlhmsups.mdyou'llmdupwllh6l74.

1. Choose a four digit nurmber (the only condition is thit it has at least two different
digits).
2, Arrange the digits of the four digit number in descending then ascending order.

xiv). (r+ ) (x+2)x+3)(x+4)+1=0

a® vl x+ D+ 3)(x+5) (x4 T)+16=0

2. Solve the cquation x'-2v- ' +2c+1 =0

Lo

If y=0,then £ —x=0
= x(x=1)=0

gives x=00r x=1.1f y=14, then © - x=14
S -y-14=0

e o et
=r= =D —am-14) 15756

1. Subtract the smaller number from the bigger one.

D 20 L0056 1257 1457 1- V57 4. Repeat.
2 2 ' 2 E ; e K ¢ " -
i i = - ventually you'll end up at 6174, which is known as Kaprekar's constant. 1 you then
e {0. . = ;IS—7 g @J‘ repeat the process you'll just keep getting 6174 overand overagain.

-

Matheositses N -
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“U " Unit 1 Quodratic Equations A G
Radical equations _ P Type n Equation of the form Vx+a +Jx+b = Jisc
s icands is cal adi &
An equstion in which the variable appears in one or more a fidicy) | Example Solve Vx+2+vx+7 =5333
equation,
For example, Solution .
Jra2=3, JIre 3=2x45, Jx+5-\/21-|»3‘1-"+-"“l'zmmd'“'“luﬂi(’u ‘ Vi+24dx+ T =Jxe 23
Tosolve radical equﬁmnwcmfgﬂnlhcgi"ﬁt: equation into Squaring both sides, we get - B
wation that contains no radicals by squaring it. . Check all roots (solutions):
rgmsoaormemrammqmmmmocs not_nusfylhe of the lransform:; (Jx+2+Jx+7)’ - ((——”By
original radical equation is called an extraneous solution. cquation in the origing) i
¥
an Equation of the form Jarsb=cr+d ::mmu' mnu::u.e"l“de X424 x4+ 7+ 2Vx+2 x4 mx+23
b Example [E] Solve V27-3x=x-3 = 24942+ 2 x4 T =x423
. Solution.y ; = 2,‘(x+2)(x+7)-l4-x ) = p
V27 3xrwx-3 g , Squaring both sides again, we get ;
Squaring both sides, we get (427-3x) =(x-3) :«'::yn getrid of a square = A(x+2)(x+N=(14-2) 1‘
27-3x=x"—6x+9 P = a(x +9x+14)=196-28x+ x* :Q
= 0=x"-6x+9-27+3x = 4 +36x+56=196-2Rx +x' oy i
or X =3x-18=0 = 4x' =X +36x+28x+56-196=0 (£ N '
(x=6)(x+3)=0 factonizing = 3 +64x~140=0 { ! y
= x-6=0 or x+3=0 = 3 -6y +70x- 140 =0 :
gives  x=6 or xe=-3 =  3x(x-2)+70(x-2)=0 '
Now it is necessary to check the solutions in the original equation, - (r=2)(Bx+70)=0 1
V271-3x=x-3 = x-2=0 or x+70=0 : )
If  x=6,then V27-3x=x-3 If  x=-3,then VZT-3r=x—3 I SRR | ¢
- =6- . 70
1-306=6-3 V271-%=3)=-3-3 On checking, we find that -2 is an extraneous root. .
V2718 = Thus the solution set is {2}, 3
Bedva: Vil4S=-6 WARNING € :
B V=3 ? V36 =—6 You can perform adidition only with identical radical forms. Addin% Yunhko: mdocx_llls
; 3=3  (truc) 6=-6 (fal is one of the most common mistakes made by students in algebra! You can casily 5
Qltbeckiuz-\\feﬁmhhn:=—3isanethousml . T 5‘\/7‘"-‘3*4'7 g
Ths the solution set is {6} ' Jo+16=25=5 i
740 +J162/9+16=5

Mathermatics X
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Unlt 1 Quadratic W

“"c E _'_.,',,...,-—— i\ b e
‘ J"'T;+Jx’+pr+n q

F'W“m * Equation of the form

i Example
JPraxasar 434122

Solve the equatien

_ Solution.
Je e s+Vr +3r4l=2

'rbegivcnewanonanbe\mltﬂ“
x ¢3x+$=2-Jx +3x

Squaring bath sides, we gt
F+lxes= 4+x’+3x+t-2(2)Jx’+3x+l

PadrtSer 24 3x4S—dr +3x+]
Dw —dyx’ +3x+

X 43r
X +3x4le0

o Jo -amo

2(n
_=34V9-4

2
I
2

+1= squaring both sides

by

U

Thus the solution set is {::’_;ig}

A ——

Beautiful Number Relationships.

135=1'+3'+§
175=1'+7+ 8
S518=5"+1"4+ 8
598=5'+9'4 g

Uit ! Quadratic Equations

v Exerclse 1,3 .

I Solve the following equations, ’
(i), VSr+2l=x+3 (i), V2x-l=x=2

(iv). V- ax=2x43

(iii). Jidx+ 5=2x~5
(vi), x4 3xs 1=8x21

(v) J;_7+\5"—=\/6IT

(V")'m-m",r (viili). V2x =34 S2x+ 4= Jox 413

(ix) VP #2444V 42r49=5  (x) V2 43xeS+V20 30122
3. Find 26 + 5 if x satisfies VA0 —9x 27 x = J=x

. ! Review Exercise 1 L’;

1. At the end of each question, four circles are given, Fill in the correct circle only.
(i), If (x + 1){x =5} =0, then the solutions are

O x=1,-5 O x=1,5 O x=-1,-5 O x=-15
(i), If ¥ —x=1=0, then x'= e
- S
o) _.'_tﬁ o) -|g.‘/_; @) .li_‘ﬁ (o] lt-z—-
2 2
(iii). -lt2f in simplified form is
O 124 O 126 o 246 © cannot be simplified
(ivy, Toapply the quadnatic formula 1o 27 =3
Ua 2b el Oa-2b-Le 3
O u=2b=-lc=-3 ©Q a=2b=-l,e=0
(v), 1% = 3x = 4 = 0, then the solutions are
O x=4,-| O x=-4,1 O x=4,1 O x=-4,-1
{vi). 102¢" + 4x -9 = 0, the solutions are
22
o) ,\-=2_i.__‘/-2—_5. o) x=it_@ O xHZtJ—z_z- O x= 21\—,———
2 2 2 2
it & —=0, the solution ure
|
: H\ll O a-lz C)l!ﬁ.

IMEORISALE




S TR Unit) Quadratic Equago

By S A

i ~18=0?
i ordwequwmx’+7x 1
j. : (‘.m'.ow;::;mm(n)“:hw O -20r-9 O 2or9
. (ix) Whichonbefolmi\svalmofxmmtsoflhecq:uionr’-a.-+,sgo,'
: . = O x=2orx=
e O x=lorx==T O s

O x=-20rx=4

# 2 Solve 2n' =5 +2=0.
J.Fndlhcmmunmdbmmu=-l and

¢ u’+hx+2-0.
T 4 Find all values of x such that

[Challenge 7

ind the solutions to the equation: 49x" - 316r + 132=0 .
S)wmbcérin&kw&ﬂxmhvewnhblymtendﬁemoﬁwnmng.

o
o |
o
nmﬂ

: Activity 7
Juwaria tried to solve the quadratic equation x* + Sx—2 = 0 by completing the square,
but she made a mistake. I which line‘of her working, shown below, did she make th
mistake?

x= 1 are both solutions to the equatigy

'+ 5r+6and X’ +19x+ 34 ore equal.

Find some intemet sites which solve quadratic equations. Which site do you think is
better and why?

K 45=2=q

[Line I]= x4 5x =2 5
[Line 2) = x* + 8¢ + (52)' =2 + (52"
[Line 3)= (x +52)'= 2+ 104

N

[Line 4] = (x + 52) = 1844 H oA
[Line 5] (x + 52) = 4 \(188) = +(VTEMWT ) = s¥T8E .+ \/ L) 8\
[Line 6] = x = £4T873 - 52 ‘(\ Il

|

[Lin:?]:x=-4,620r-OJSMZdecimnlplaoes.‘

e 1 Quedratic Equations - : 5 o Sy r— ‘.m-!.

© The following table summarizes important topics related to quadratic equations.

Coocept | Explanation Examples
A quadrati U
ax’ b e = 0, where a, b, and ¢ are on:..:rm:::mr““ haye s,
Quadratic | consesmts with a #0, 2 20 olons.
cquation ==5  Noreal solutions
(1=2F=0  One real solution
£-4-0 Two rcal soluti
A symbolic techaique for solvisg X -342=0
Factorifing | equations, based on the zero-prodact d42e0
propesty: if sb = 0, then eitder s = Dor | (X~ 1 ~2)~0
b=0, X=1=0 or r-2%0
= a=1_or r=2
Squeare rut] The soletices 1o x = kare ¥ »t i | ¥ =0 s cquivalent o v < 2 3,
property | wheee Ax0. 2 = 11 is equivalent to c= 431,
To solve & + ke = d symbolical) R .
Completing ) .' L PL {.;.’J -9
the square add [-z-)louch-klubu-w ¥ ibxs9ete0
perfeet square trinomial, Thon spply (=37 =10 -
the sguare root propeny. (- 3=
=310
\ e -
The solutions 10 ar’+ bx +¢ = 0 :?f:':sc_f‘l-o‘m' %
dratle | ZC Eiven by g —
2a.mmlv. R < v R BItr]
roulka e EEl
Always gives the exact sobations. Sl L
4 -
©) The following table outlines important coneepts in this seciim,
: Sohe ‘.'«.- LY
e The solutisry bo o < bare amsg b | 2re 3oy Squarecah sbie.
Sohving sulutivns 1 8™ = b* when n s a positive | £ < 20 3= 0 Rewtile oguatssny
radical integer. Choek your reswie K=~ |or x =3 Foactor asd adube.
oiuations Checking eevests that Y is the only
a | solution. Jises
“Tto camppikits €ho agnare of 2 guadratis apatiom
I Add and Subtract |

Coefficient Of “x*
—————————




THEORY OF QUADRATIG

EQUATIONS S

@ Define discriminant (- dac) of the quadratic expression ar’ +bhxdc.

® Fiod discriminant of a given quadratic equation. Ao

@ Discuss the nature of roots of a quadmtic equation through discriminant.

® Determine the nature of roots of a given quadratic equation and verify the result by solving the
egabon. ¢

@ Determine the value of a unknown involved in a given quadratic equation when the nature of

s roots is given,

Find cube roots of unity.

Recognize complex cube roots of unity 3s © and o',

Prove the properties of cube roots of unity. .

Use properties of cube roots of unity to solve appropriate problems. -

Find the relstion between the roots and the coefficients of a quadratic equation,

F.ind the sum and product of roots of a given quadntic equation without solving it,

® Find the value(s) of unknawn(s) involved in a given quadratic equation when

Unit 2 Theory of quodratic equaticns ) - .
| v

i
o a+ [5 . ; + ‘6 .
where a, [} are the roots of a given quadratic equation.
@ Describe the method of synthetic division.
@ Use synthetic division to
o findquotientand remainder when a given polynomial is divided by a linear polynomial,
o find the value(s) of unknown(s) if the zeros of a polynomial are given,
o find the value(s) of unknown(s) if the Factors ofa polynomial are given,
o salveacubicequation ifone root of the equation is given, N
o solveabiguadratic (quartic) equation if twa of the real roots of the equation are given.
@ Solve a system of two equations in two variables when
o one equation is linear and the other is quadratic,
©  both the equations are quadratic. _
@ Solve the real ife problems leading to quadratic equations.

Why IUS linpurﬂln("o

The discriminant tells you the number and types of answers (roots) you _wil! get, The
discriminant canbe +,— or0 which actually tells you a lot! Since lb!_.'dlscummam is
a radical, think about what it means if you have a positive or negative number or 0 under

the radical.

[PBH The discriminant of a quadratic equation

sum of roots is cqual to a msltiple of the prodict of roots, 1 the quadratic formula, the expression b’ ~ 4ac, is called the discriminant of the quadratic

sum of the squares of roots is equal o a given namber, ion ay’ =0

: . 2 uationay” +by+c=0. A i i
roots differ by 2 given rumber, ;?IC value of tlie discriminant is used to determine the number of solutions of a quadratic
r::“.‘ satsfy a given relation (e . the relation 2u 1 ) - 7 whiere o s [ e the vl ogueation and number ol v intercepts of the praph of e related function. An xintercept ol the
of given cquativn), prapliis ey comdinate ofipoist w Bewe the graphcrosses ey avis

o000

O hatlh s 3ad prodics of ronts are equal to o wiven number,
: gd'l‘nc symmetne functices of rools of a quadratic ml:ulim ' Chases ‘ ae fe ===
valusic a symmetric function of the roots of a quadratic equation in temms of its coeflicients i : .
” 3?:,!“:;':: foemula, e Discriminani b’ ~dac>0 b’-4ac=0 Yo
i rools )c+ (Product of roats) = 0,40 find 3 quadratic equation from the given rools,
qu-dnnceqwmwbmms,fwmple.mofmtype- :
O 2as1,2p+1, J Nature of roots | The roots are unequal The rool are The oots STE M
o o, and real, Roots are equal. o
i ritional if b-dac is
L. perfect squarc
i ollerwise they ure
.'.'. ", iratiomal.

= B O T o DN CTAT = B ol B WATIEORISAIE. |
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' o : 47 Unit 2 Theory of quodratic equations
1 Example’ il Determining and verif
! oo g ying naturc of roots
' ors i jon x* +9x+2 = 0. .
! y Find d:su‘nnlun! of the quadmtic ¢qua! Example Determine the nature of roots of the following equations and verify the
~Solution 4 \ results by solving them by factorization.
Comparing the coofficient £ 49x+ 2= 0 with ax’ +bx +¢=0, we have (i) ¥-6x+9=0 () P45x46=0
a=lb=9c=2 . Solution
Discriminant = 3" = 4ac =(9)’ - 4(1)(2)=8-18=73 (i) ¥ -6x+9=0
Nature of roots of a quadratic equation through discriminant Here a =1, b=-6, c =9, The discriminant is given by
Example  bl—dac=(-6) -4(1)(9) =36-36=0
Examine the nature of the roots of the following quadratic equations. Since the d"c"mi;’":‘;': :’;‘:’-;be rools are real and equal.

() ¥ +9x+2=0 (x=3)x=3)=0
x=313

(iv) 4 +x+1=0
Which are real and equal. Hence the result is verified.

g (i) x’+5x+6-9'
Here 8 =1, b=5, ¢ =6. The discriminant is given by

@) »-8x+16=0
(iii) 6x'=x=15=0

"~ Solution
o f-l.b-f:c:af;“=o i A iy ',” '-‘?“‘5)" 4(1)(6) =25-24=1=(1)
: D,um' b —dac = (~8)' ~4(1)(16) = 64 - 64 = 0 Since the dnmu.uxt;a:lsf::ir(f;a square, the roots are unequal and rational,
ince discriminant = 0, therefore, the 1oots of the given equation are real (rational) and (x+2)x43)=0

equal. 2

@) In X’ +9x+ 2,we have, :
Herea=l,b=9,¢c=2
Discriminant =b* —dac -(9)’—4(”(1)-81—8 =73

Since discriminant >
irmtional. 0. but ot perfect square, therefore, the raots are real, unequal ind

(i) Herca=6,ba~] c=-]5
Gt g
: _ommmmm b'~dac=(-1)' -4 (6)(-1)= 14360 =361 = (19)"
senminantis aperfect square, thercfore, the roots are real 1 i
—— | unequal and rational.
Discriminant « b - 4p¢ = (1)’ —4(4)(1)
=1-i6
As the discriminant j S
discriminant is negative, therefire, the roots re imaginary and
unequal.

x=-2and x=-3
Which are real, unequal and rational. Hence the result is verified,

Faample Without solving, determine the nature of the roots of the quadratic equation.
I —dy+6=0.
Solution W cvahsate b~ dac usinga =3, b=
b= dac = (- 4)' = 43)(6) = 16 ~ T2 ==56
The discriminant is negative, so the equation has two complex roots,

Faample [<7 Without solving, determine the nature of the roots of the equation.
2 -Tx=~1
Solution  We rewrite the equation in the standard form

2T+ 1=0
and then substitite a =2, b=

b dac = (- 7)'— 42K1) =498 -4l
and is not u perfoct squares thus, the roots

- A, und ¢ - &

—7.and ¢ = | in the discriminant. Thus,

The discriminant is positive
are real, uncqual, and irvational,




od verifying the value of an unknown nature of roots,

£ k for which the given quadratic equatiopg

- . Unit 2 Theory of quedrotic €quation
| m Determining 2
Example [§ Determine the sctof values 0
have real roots.
) A edx+l=0
“Sotution. | ‘
()  Comparing k&’ +4x+1=0 with the quadratic equation
at +hx +c=0, we have
a=k b=4,c=l
Discriminant = b* —dac
. =4 -4k
Sincerootsarereal, 0 b-4ac20
= 4 -4k20
= 16~4k20
= 162 4k
=
or

(i) 20 +kx43=0

axk
ks4

(i)  Comparing 2x" + kx +3=0 with the quadratic equation

ar’ + hr+ =0, we have
a=2, b:k' c=3
Since roots arc real, so b~ 4acz0)

= K-42)3)20
Discriminant =" ~dacw k' - 4(2)(3)20

= F-220

o 2N
VF 2 54
[k[226
s 226

k22J6. - 12205

=

—

Unit 2 Theary of quadrotic equations

v Exerclso 2.1

1, Find the discriminant of the following quadratic equations:
(i), ¥ =4x413=0 (it). 4x*=Sx+1 =0

2, Examine the nature of the roots of the following equations:
(i) 3¢ =5x+1=0 (i), 65 4x =20

A, For what value of & the roots of the following equations are equal.
(1) X +ke+9=0 (). 120 + kx+3=0 (i) ! =5x+k=0

4, Determine whether the following quadratic equations have real roots and if so
find the roots.

(iit). £ +x+1=0

(iii} 35 +2x+ 1=0

(i) X +5x+5=0 (i) 4x" 412x+ 9= 0 {iii). 6x* + x=2=0
&, Determine the nature of roots of the following quadratic equations and verify
the results by solving them,
(i), 3r —10x+3 =0 (i), X' —6x+4=0
6, For what value of & the roats of the following equations are:
(a) real (b) imaginary
(i), 2 +3x+k=0 (i) bt s 2x 41 =0

(i) =3=0

(i) X" +5x+k=0

I x8+1=9
2x8+2=98
: 123 x 8 +3 =987
" 1234 x 8 +4 = 9876
12345 x § + 5 = 98765
123456 x 8 + 6 = 987654

-1 1234567 x 8 + 7 = 9876543
b" (‘ | 12345678 x8+8= 08765432

"

123456789 x 8 +9 = 987654321
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ﬁ. AR el qmm‘}‘i 7 Unit 2 Theory of quadratic equations ) 86 '—".“J.

“H e
8 Cube roots of unity and their properties EZEEB Propertics of the cube raots of unity
% 1. The sum af the cube roots of unity i 2
TR l J_ szerobe. l+mam’ =0,
m +
Let x be a cube root of unity, " sz‘ aMW:-l.Tlf
1
then X-Vi:(l)l - Then we have I"“”*“)!"l'*-—“ié#—-l-i‘/i
2 =1 2 2
= £-1=0 ; ' 2-1+i3-1-i3
Sres 2- il b
o (s +x41)=0 ) HI\E =
-  x-1=0 or ¥+x+1=0 o
. 1 o -12V1-4 _ -l;tJ_ -12i\3 "2
pves xw= x= 2 2 2 -0
Thus, the sum of the cube roots of unity is zero,

where w11 =1

'I*iﬁ and ."'_-‘_J_s.

Thizs the cube roots of unity are I, 2

Here 1 is the real root and ————— a0d ————
Lameoflbecmkxmbedeuomdbylbccmeklam o (read as omega),

Suppose

Then

-lﬂf —l-le
2

-1 43
2

w=

3 -1 +(i3) +2(-1)(5)

4

J1=3-25
4

223 13
¢« T2

Smilarty, if o = "*2%"5 then of = ~1=13
2

™

are complex roots.

The product of the cube roats of unity is 1, i, 100" =’ =1
1+4/3 - -iJs'

Ho=—7— ando
hiﬂ( - N'i\

=)
=(-—|)'-(I\E): 137

lhcnlmm-ll

+ wrg
1-(-3) s
= 3 (.< i =—l)
alt3
K]
_4
3
=1
Thus, the product of the cube roots of unity is 1.
Each comples eube root of unity is reciprocal of the other e w= = and w' = =
By property 2, we have w ‘=1,
=3 wen” =1
= w= L}
w
= w .:l'_' Thus, w= “LJ and W' = ;IT

Mathemanes X -
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?m Using ;.,; o solve problems -
s .
I Example [l Show that £+ y
|_SolutionJ RHS =(x+y)(x +wy)E +w'y)
(x4 y)[(x+w)(x+ W)
=(x+y)[x’+(w+n))xy+w‘y’]
=(xs )P =0 +)) (1+w+w =0 and W =1)
= x’ +y,
=LHS
i Example [ Evaluate W, WS ,.‘;n.‘ R
_ Solutianz w*= () =()'=1 :
W= (,,))' =) =1

W= (W =0)" =1
W= Wt =) = () = 1w =

l -

perties of cube I:Ml! of unity !
=(xey)(x+wy)(x+ w'y)

w? =-lj- =w (by property 3)
"
N T 1 ) o
= ——=

w B I i [ — N ——
WwEew g2) e ) ow- LW

" Example [l show that (~1+43) +(~1-i3)'= 16
-1+iy3 -1-if3
2

| Solution - Since Wt and w'=

Then 2w=~1+/y3 and 2w =-1-13
a‘-‘ "

LHS-(-l_"-J'J')"(_l_‘Ji)! . :
= (ZW)'+(2n’)’ ‘ :
=8u}08w‘
-8u’+8(u:‘)'
=8(1) +8(1)
=8+8
=16
=RHS

Unit 2 Theory of quodratic equationy

v Exercise 2.2
1. Find the cube roots of the following numbers.
. - (). 8 (k). <27

2. Evaluate:

. )2 L A8 y
A ot (). (1+w—w?y (i), (14 3w—w')(1 + w—2w")

3, Prove that:
(@), Q+2W0+ 205 1=w=w?) =6 (i), (-1 . P
4. Show that: Gi). (=1413) (—1-#/3) =s120

(1) o=y ==y - w ) (a=wly) (i), (1+ W) (141 ) (14w )1+ 97 ) =1

jI) Roots and coefficients of a quadratic equation
E' !B Relation between the roots and the co-efficient of a quadratic equation
We cxpftss the sum and the product of the roots of the quadratic equation in terms of its
co-cfficient. Leta, f} be theroots of the quadratic equationax® +hx +c=0; a=0 where

T S O

nnd[!.-.

2a 2a
Then sum of the roots
a+fi= ~b++/b' ~dac X b~ b - dac
2a 2a
O A
2a
) -2h —h
2 a

and product ofF the roots

o] 22D —da ” ~b- b - dac
l 20 \ 2a
(-4) = (i =dac )

- da’ T
o = i
4 a
~h "'""?_ll.”ﬁ'_"_‘.’L X

Thus sum of the rools = @+ p=—» ——"— -
o co~cfficient of x°
¢ constant tenm
Sitimrns b fradod £

Product of the roots =ufi= == ———== ;
a  co-efficient of x°




R

. B
!- . - TIL Y Y
EEEN Thesum and product of roots 0
solving it
I Example [0
Withoutsolving, find the
M 2w-k-4=0
| Solui]g‘ )
(i) Inthe cquation 2x
S G313
S\monhemoc-.- e
: -4
Pmdndomwrootscfg_z_g-z
() I +6:-2=0
Here a=3,bw 6,c=~2
Smoflheroou=:b-='_6..2
a 3
Prodnctofllnemots.fg_:?_=_§
a 3 3

3 The values of unknown(s) involved in 2 given quadratic equation

I Example [IJ
Find the valoe of & so that the sum of the roots of the equation 2 &x + 6 = 0 is cqual
1o three times the product of its roots.

. Selution_y
The given equation is

Here

2. sum of the roots =lb-=....
a 2

2:’“.146:0
a=2 b=k c=6
k

product of the roots =£-§=3
o
= sum of the roots = three times the product of roots

>

=

-k
2 =3(3)=9
k=-18

— Ui 2 Theory of quadrolic aqey
s f a given quadratic equation withouy

sumand product ofthe roots of the equation,
(ii) 3x} +6x-2=0

~Ax-4=0 a=2, b=-3and cw—4

&

!?gx_

Unt 2 Theory of quadrotic equations
 Example |[B)

Find the value of a if the sum of the square of the roots of x* —Jax+a* =0 is 7.

[ __s,]ullé_n | Let @, P be the roots of the equation x* -Jar+a’ =0

then a+a=-(-?°)

Given a’ +l]' =7

= (a+p) -2ap=7

9’ 24" =7
Ta' w7

a =1

a=1%]

Uiy y

(3a) =2(a*)=17

al
=3a and uﬂ:—l— .y"

i Example [E] Find the value of k if the roots of x* ~7x+k =0 differ by unity.
| Solution | Letx.a +1 bethe roots of X* —=Tx+k=0

Then aila+l)=
or a+1=7
or a=]}

-(-7)

and

=4

—

a(ad)-%:k

(l+N=k
k=12

i+ Example [E] If a, B are the roots of 9x° = 27x+ k=0, find the value of & such that

2a+3fi=7
Solution
27
B — 3
a+p 9
k
and aff « 3
also 2a+5p=7

8
Solving (i) and iii), we get &= 3. B

8
Putting these values in (i) we obtain (3)( 3

3

(i)
(1)

If @, b are the roots of 94 =27x+k =0, then




1% b Example [ Find thealie

equation my’ - St+n=0 are equal 10 10,

et ionis mo =Sy4n=0
{_ Solutionzs The given equation! LS
Hiere sum of the roats = — ax’ bx c=0

-b
n B2 -
s peodct of the ro0ts = = A
" c
) i Product of Roots = —
According to given candition ; !
i._-.]o 2 \\'hcfcaoﬂ-
~ A
-2 n’l - >
2 ‘ ,"'_ "
and =10
m
= n=10m
[ e e
=|0(5] [-""5]
n=5
m-%mdn-S.
v Exercise23 .
| I Without s:::;n:o:cequauon, ﬁnd.lhemmandpmduﬂs of the roots of the following

il 4 -d4x-3=0 (i) 26 +5x26=0
2. Find the value of & if sum of the roats of 2

(iii). 3 +2x-5=0
+hx +6=0is equal to the product of its roots.
kS Fu:dlb:nlucofkiftbcmol'lll:mmoﬁhemwofx:—5h+6&’
o Sx+k=0 differ by unity.

Find the value of & if the roofs of X -9rak+2w0 differ by three

& ifap are the roots of x* - Sy + k=0, i
kA

4 Find the value of & if the roats of ¥ -

nd & such that Ju+2f1=12,

UNIE& 1 PeRTy U quadiare 'q ;

of m and n if both sum and product of roots of [l quag 2

=015 equal to 13,

Ut 2 Throry of quodratit equotions . - .
| Symmetric functions of roots of a quadratic equation

Let a, [} be the roots of a quadratic equation, then the cxpressions of the form asp . ap,

o +[i* arc called the functions of the roots of the quadratic equation. By symmetric

function of the roots of an equation, we mean that the function remains invariant (unchanged)

in values when the roots are interchanged. For cxample, the functionsa + 3, o’ + ., o' +p*
are symmﬂric function of « and [j.

Symuetric function of the roots of a quadratic cquation in terms of its cocflicients
Example I3 If a, P are the roots of ' +hx + ¢ =0, then find the values of the symmetric
functions of the roots of a given quadratic equation in terms of its coefficients.

(i) otp (i) af (i) o +p’ vy a'+p
18 D (TTo

(v) ;45 (vi) ?+F

Solution

(i As a, [ are the roots of the equation ax® +br+c=0,

2. sum of the roots °u1ﬂn-§

(i) Product of the roots = aff =£- [Gh
(it} Since o’ 4 =(a+p) -2ap ==

tiv)  Since o' o p’ =(a+p) —3apla+h)

= ( b )’ = 3( ‘_' ]( = f} Beautiful Number Relationships
I

3|=f8"’”:“9l ' '
4913=«4+9+1+3)'=17

she b 3abe-b'
s Sy T S )

W o o

=T EFNR SA E

Mathneans X 35S



af
2 b€
i E‘“’";-““’;]
a
-t
c
S | 1 ep
{vi) L" pea’ of

' FTaP (e

_(a+py'-2ap _(‘2)"3(5)

e B
__a A & —2ac
¢ o

0’
X Formation of a quadratic equation whose roots are given
Let a. f} be the roots of the quadratic equation ax® + b+ ¢ =0,
Then uoﬁ--;b and af =
o

Now ey’ thedemld; el {

I ‘
= .x"f—,vol—=0
a o o

A v 7
= :’—(--),4£=o \_ / } ~— X
a) a )

= Y{a+p)reap= \'\"
= r‘~§x+£)=xo a \\/Q“"‘l!l

Where s"“*l“ﬁmol’lbemuu

- wml Pegp = product of the ropes
5. the Tarmula for forming a guadmge

]
© = fsum of the routy) ! product

CXUEton whose nomts e given is
Whthe roars -

e ‘Unit 2:Theory of quedrari, a =

“Unx 2 Theory of quadratic equotions
gxample {5 Form a quadratic cquation whose roots are 1443 and 1-+5 -
(Solution | Roots of the required equation are 145 and 15
Sum of the roots =145 41— 5 w2
Product of the 10018 =(14-J5)(1-y5) =1 ~(\5)" w1 -5 u -4
the required quadratic equation is

%' = (sum of the roots) x + product of the roots = 0
= X =2x4(4)=0

= ¥ -2x-4=0

e
RN

Forming an equation with the given roots is the reverse process of solving an cquation.

Example [B] Form the quadratic equation whose roots are:
(i) 2a+1,2641 (i) a', b (iif) i% () %

SR

Solution (i) The roots of the required equation are 22 + 1, 2b +1
2. sum of the roots = 2a+ 1+ 2b +1
=2a+2b+2
and product of the roots = (Za + 1)(2b +1)
= 4ab +2a+ 2b +1
The required equation is given by
+ = (sum of the roots) x + praduct of the roots =0
o2 120 2t dab 1 2a0 2hoy 0
W hich i e reguined guasdsatic vgataon.
(i1 The roots of the required quadratic equation are o', b theretore,
v=a or x=b'
y-o'=0 or x-b'=0
(x-2 )N x-b)=0
Wx-b) -2 (r-p)=0
¢kt wiria’ht oo
H- (@ b+ =0

S Whicl it reguired quadintic cgEion,

W OHEORISAINE N OO RIS AERS
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(vit)

..- — -

. 11
mmdmcmiedqmdmlccqmnonm =5
Siw:u-;:- or x-;

be=1
he-1=0

ac=] or
< ay-l=0 or
{ax=1) (be-1) =0
n(ht-l)"(‘“'“'o
sh-ax-be #1 =0

she-(@+b)x+1=0
Which s the required quadratic equation.
(iv)  The roots of the required equation arc %é
Therefore ,,_-3 ar 1-2
5 2
k=2 or 2ut=S
5x-2=0 or 2r-5=0

(5x-2) (2c-5)=0
Sx(2v-5)-2 (x-5) =0
105 =25y x4 10=1)
10.°-29¢4 10=0

Which is the requined quad

ﬁ-. iR FU

l\ wmtgm with ]

)

)

A\

1
L@“m i

.

" v

A

= 9-24=25-40
qa-” 9-24+16=25-40+16
A (B-4)" =(5- 4

& B-4=5.4
1=1

. ‘\'—‘ 3 w—»
FNOTEOR SAl R

|
DR Y

B I LT T -—
o )
<

|
rey

Uk 2 Theory of guodvotic equotiony -
v Exercise24 -
—————

1. If @, [ are the roots of ax’ +hy+ ¢ = 0, find the values of

(i), «’pepla (ii). (c=p)’
2. Find the quadratic equation whose roots are
2] o
1.3 (). 3.4 (i), 3442, 3-2 (iv), a.~2a

3. Form 2 quadratic equation whose roots are square of the roots of the cquation
ax’ +bx+e=05 anl.
4. 17 c, B are the roots of 2x* +3x+1 =0, then find the values of
PO} P ) ML 8 T
o o +ﬂ’ "“)4 +

5, If @, b are the roots of 3x* =2x+5 =0, find the equation whose roots are %. E
a

6. 1f «, b are the roots of x* —4x+2 =0, find the equation whose rools are a+ —'- ﬂ’é '
[
' Synthetic Division

We are familiar with the process of long division for dividing one polynomial by another, We
noticed (hat if the degrees of the polynomials in the numerator and denominator differ’
considerably, then the process of long division indeed becomes very long. However if the
polynomial in the denominator is of lhe form ¥ — e then these Is a shortcut method called
synihetic division.
Steps of Synthetie Divivian:
Stop LI he divisor is v vowiile v in thhe Bos. Amngpe the coefficient of the dividend by
descembing powers ol v, aupplying uosen cocllicien! for every misaing power.
Step 2 Copy the fedimg eoctlicient in the thind row.
Step X Multiply the latest entry in the thired row by the number in the box write the result
anthe second row under the nexteoetlicient. Add the number in that columin.
St 4. Repeat step 3 until there s an catry in the third row for each entry in the first row. the
last numbers e the coeficient of the quotient indescending order.
WARNING &Y - )
N () Synthetic division can be used only when the divisor is i linear factor. Don't forget to
Lwritepzero for the coeflichent of cach missing term
| (b) When dividing by & ¢ place €in the Box, Forexample, when e divisor isx+ 3, place
~3 inthe box, sincex +3=x—(-3), Similarly, when the divisor is x =3, place +3 in the box
LR E !

smeer -8
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e

1o find the quotient (Nx) andd the remain e,

E lhmpkmlhﬂ)ﬂmm R Whey

umms-‘-zn'-mudi\mwx-4.
~Solutien . Let P (1) w30 =200 150
o3¢ =2¢ 4 0r-150
and y-a=x-d4=2a=4
Mbrsynﬁdic.&'viﬁonwhn
43 -2 0 ~IS0
12 40 160
3 10 4 10
Coeflicients 1t Resiler
of quoticnt

Therefoce, ((x)=3x" 41054 40and R=10

Example B Use synthetic division to find the value of & if 2 is a zero of the polynomia)
Pl T e
Solutien  Let Plx)w2x'+r’ + k' -8
=+ X + k7 4 0x-§
Since 2is 2 2ero of P(x)= P(2)=0
L ox=2sa factor of 1he polynomial Pix)
Now e synthetic division fo divide Plxhbyv-2
i ] ] ]
~3 0 %N 4o
205 A4 U420 4543
Sk Y won tﬁllcmaimlcr

= P2)=4k+32 by Remsinder heore
nd
= 4= e N

i “ =-12 :“

Unit 2 Theary of quadrotic equations . i | . I

Example m Use synthetic division fo find the values of m and nif x~1 and x+ 2 are ‘
{he factors of the polynominl x' ~my’ + ney 12
Solutlon  Here x~a=x-l=2a=|
and x<a=x+2=mg=-2
Let P(x)=x"—my’ s nr412
Now use synthetic division to divide /(x) by x~1 and Q(x) by x+2.

1l =m n 12
1 l=m l-m+n
2l Aem I—m+n| 11-m+n
-2 242m Remainder
T hem [5hwie
L Remamder

Since x—1 and x+2 are the factors of P(x), we have
Bemen=0= (i)
34menw0 = (it)
Adding (i) and (ii), we get
16+2n=0
= 2w~ 6
= n=-8
Putting n = -8 in equation (i), we get
13-m-K=0
w13 0

= —in =5
= m=3
Thus m=5 and n=-8,
O
Synthetic division is a methed of perf ¢ Euclidean division of polynomials with less

writing and fewer calculations.
The advantages of synthetic division are that it allows one to calculate without writing variables,
1 uses Few calealations, and it tkes significantly less space o paper than long division. Also, the
subtractions i long division are convertald o alditions by switching the signs at the very

Beginning, preventing sipn oo

N ATHEORISAINED




2. - '. v = <

» 2 are 1o
¥ Example 22 [
q"ﬁ division to find the otber o0t ‘ o
2 “Satution 4 Let P(x)=%
x40 -5 #0448
f1be equation P(x) =0, therefore x+1 and

ince -1 and 2 arc two 0l 0 ks
o the quotient we use synthetic division,

22 are factoes of P(x). To find
a0t o -5 0o 4
£ K Bu-c4
2 |_.—|—_-4—4-—|——°_
2 2 -4
[ -zl 0
Other factoris ¥ +x-2=0(x)
Other roots will be the roots of the equation x* +x—2=10
= (x+2)(x-1)=0
= x=-2ar r=1
Thus, the other roots of P(x)=0 are -2, .

! v Exercise 2.5

——
I. Use synthetic division 1o find the i i
fhetic. di quotient O(x} and the remainder R wh
polynomial is divided by the second binomial in cach ease: T
m 342 -y 3 27 =7 412y-270 3
[ e TR T e o
L Use synthetic division 1o fimd
th ki i
NPTy e value of & if <2 is a 2¢r0 of the polynomial
3. Use synthetic division to find
‘,‘p"’"" !bevnkmofplndqif x+land x-
410541 and 52 ane factors
o of the polyy
2 g:swu.ﬁndlhuluuofﬂndb. S
s root of i :
the cubic equation ' ~ Ty - g

lo'hdlh:u],"m‘
000 <F ang 2

2 are the factors of
+bx+2 , then using synthetic
=0 is3, Use synthetic division of find the

are rools of the quarsy :
5 synibetic division 10 find gther :..,:l ation v’ -5x' 4 3¢ 475 2

i A8 Mgy [ o]
' : - "'\.?IT,’;an;S',Q»'- =

=0, use synthetic

UNE £ 1pDrary O r
Y

2 - ._ - N -
noflhtﬂ“m"m"'m" 5x'+4 o.u;csynu‘c& :

Unit 2 Theoty of quadratic equations :
Simultaneous Equations
"re than one equation which are satisfied by the same valucs of the variables involved
are called simultancous equations,

A system of Lincar cquations consists of two or more lincar equations in the same

yblcs. A solution of system of lincar cquations in two variables is an ordered pais thot

varia nol.
satisfics cach equation in the system.

Solution of one lincar equation and one quadratic equation

, Example

Solve the system.
2x+ym10
45 +y w68

Solution_
2c+y=10 ()
47 +y' =68 (i)
From equation (i) we have
y=10-2x (iii)
Substituting this value of y in equation (ii) we have
4 2 (10-2¢)" = 68
4 +10044 57 <40y =68

or 8y' =40y +32=0
C=5r44=0 (Dividing by 8)
(x=1{x=4)=0

= r=1=0 or x-4=0

which gives v =1, 0r x=4.
Substituting these values in (i1) we have
-=2

For x=1, y=8 sl for x=4, ¥
. The solutions of the given system arc (1.8) and (4.2).

or solution set = {(1, 8), (4,2))

N@JT E®) S_A_LE Motheniaiics \“
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'.‘ v Example [ Solve the system
‘ smpet 43y ==l

| Solution 4 x-¥=7 U]
Fadpay=-l (i1)

From eguation (i) we have
x=T4y (iii)

Substituting this value of ¥ in cquation (ii) we have
(743) +3(74p)p+y ==
49414y  +21p+3y7 +)7 4 1=0
537+ 350450 =0
y’+7y4]0-o
(y+2)(y+5)=0
y+2=0 ar y+5=0

‘*,4‘./

2
b

(Dividing by 5)

=
= p=-2 or y=-§

Substituting these values in (iii) we have for y=-2, x=5 and for y = -5, r=2,
< The solutions of the given system are (5,~2) and (2, -5)

or solution set ={(5,-2), (2, -5))

(WARNING ()

The expression for x or y obtained from

an equation must not bz substituted in the samel

equation, From the first equation of the system
X+2y =]
Wiy=2
We obtain
X==]-2y

Substituting (incorrectly) in the same equation would result in
(=1-2y) + 2y =~|

(it 2 Theory of quadratic equations

m Solution when both tquations are quadratic
[y Example [ Solve the systerm
Payiag

2x'—y’=|;
| Solution ayl=y
2-"‘-)":8

0]
(i)
Add (i) and (ii) to eliminate y* .

£ yY=4
2 -y =8
k'S =12
=4
x =t
Substitute the values of x in (i) gives the corresponding values of y,
x=-2 weget ('2), +y, =4

When x= 2, we get (2)' +y* =4 When
=0 44y =4
)'=0 y’ =0
y=0

- the solutions of the given system are (~2,0) and (2,0) and the solution sct is
(-2, 0).(2,00

Exercise 2.6
——————

1. Solve the following system of equations.

(i) 2x=y=3 (). x42y=0 fii). 2x-y=-8
ryi=2 K dy =32 rdx=y
(V). 2x+y =4 (198 4:’ +5y’ =4 (vi). Sx* =y +9
c=2x+' =3 4y =3 ==y’ +45
(vii).4x + J,r"‘r-S =0
2+ -4=0
Challenge |
2. Solve the system of equations. ) B
(i) x+y=9 (i y—x=4

204y +y° =8

Mashematics X



adratic Equations
I Life Application of Q g B8 -4
m Real ular shed is being pv NI e -

1%

¢ Example H Suppose I is7 fot

20 square 0
buile that has an area of 1 SRR EEE T e L1
ooyt ine its dimensions. ny by

hf-salha{uuxswudc.uclmm “ir i IS,‘
L_.so.;h;'hﬁ!:—' h dmcnx+7mpmmuuw }‘ =2, '.'. .

idth of the she ; & RN
m::c S:::c:lm:quals width times length, we solve S8~ \S*/r,.. A
d\cfollouinﬂ:l(‘:"“‘;';: 120 area is equal 10 120 square fooy

7= 120 distributive property

£+7e-120=0 subtract 120 from each side

(x+ 15)}x~8)=0 factorize

x+15=0 or x-8=0 zero-product property
x=-15 or x=8 solve

Since dimensions cannat be negative, the solution that has meaning is x = 8. The lengih i
7 fect langer than the widih, so the dimensians of the shed are 8 feet by 15 feer,

" Example B§J Amanpurchasedanumberofsharesof g1 3
stock foe an u!um of Rs. 6000, if e had paid Rs. 20 less Pah“ﬂ_ﬁé'q(k_ 'Ex ( hd-nge

per share, the number of shares that could have been m‘:‘;‘.—’

purchased for the same amount of money would have — *= -
increased by 10. How many shares did he buy? [T T T AT T
) Y IRESER The 108 181 T
Solution ., Suppase the mumber of shares purchased = x
‘lbexpoumpaidpcrth =)' then xy « Rs, 6000 ———p (i)
1€ the man kad paid Rs. 20 fess per share i.e. Rs. (= 20), the number of shares would
have been 1410
therefore (x+10)(y-20) = Rs. 6000 — (1)

3 6000 2
From (i), we get 3 = o Substituting in (ii) we have

(ulm{@-zo)tﬁm
X

= 6000v-20¢" + 60000 - 200 x = 6000y
=20 42000 - 60000 = ividi
= 7 R (Dmdmg by 20)
= (1'—50)(.‘460)-_-0
= e ﬂ) N
Since x= et

=60 s mo¢ admiissible, 5o We neglect . Thus the pumber

Mm""“ s

of shares purchased is 50,

o 7 Theotl| of nuadrotic equotions
' Exercise2y &

|, Find the cube 1oots of the following nismbers,

@ - (). & (iii). ~27
g BalURE

@), W (. (1+w-y?y (). (1+3w-w')(1+ w-2w")
3, Prove that:

@ (202N ==y 6 (i, (=14 15) (1-13) w 5120
4, Show that:

@ ® =" =)= y) G, (e W) (L W) =1

Roots and coefficients of a quadratic equation

Relation between the roots and the co-cfficient of quadratic equation
We express the sum and the product of the roots of the quadratic equation in terms of its
coefficient. Let a, [ be the roots of the quadratic equation ax’ +he + ¢ = 0; a # 0 where
b -b+Jh2 - dae and fi= - fbx —dac
2a 2a
Thea sum of the roots

b+l ~dac b\ - dac
2a 20
_-b+ VB —dac = b=\ - dac

2a

a+fi=

_=2h ~h

. a
and product of the roots

b I ~dae | [b-b —dac
uﬂ = = _2‘1—_

2o

(-6Y ~(5 =)

4a
b =h* +dac ¢
- o a
b co=efficient of x

J = q4fi=—m=~— T
Thus sum of the roots = 4§ - P T
conyiant fernt

&
Product of the roots =ufl = o o cficient of %'

Madbennties N _



| B Unet 2 Theon) of quodratic equations

tions
Real Life Application of 0""""?‘ E‘!"’ B o -
I Example EJ Supposca rectangular shed i ;'c;n[: o
built that lmannruofl'mswut.ftﬂﬂf‘d is 7 feel | g 75, o
Jonger than itis wide. Determine its dimensions. - o
(_Solation . . =
. y ol £ r ?rr'. \

Letx be the width of the shed. Theax 7 represents Itlue !
Jength, Since area equals width times length. we solve

v folhwmgc‘:;n?n;).r 120 area is equal to 120 square foot
c4 =120 distributive property
P4 T-120=0 subtract 120 from each side
(s +15)(x-8)=0 factorize
t+15=0 or x-8=0 zero-product property
=<]5 or x=8 solve

Since dimensions cannot be pegative, the solution that has meoning isx=8. The lengthis
7 fect longer than the width, sa the dimensioas of the shedare § feet by 15 feet,

It Example Aman purchased a pumber of sharesof -t ic0an §10 k lange
stock for an amount of Rs. 6000, If be had paid Rs. 20 less n‘m‘m" '_L__ b("" S
per share, the number of shares that could have been W -
purchased for the same amount of meaey would have — ™, 7 — —

increased by 10. How many shares did he buy”? T ST T AT
v ibiacs i8A Im8 BT TH

Solution ; Suppase the number of shares purchased = ¢
The amount paid per share =y then xv=Rs. 6000 —— (i)
1fthe man had paid Rs. 20 less per share 1.¢, Rs. () - 20), the number of shares would
have been x4 10
therefore (¥ + 10}y - 20) = Ry. 6000 ——— {ii)

: 6000 2
From (i), we get y = =t Substituting in (if) we have

(s *"”(ﬂ-20J=oooo
X

= 6000y~ 20¢ +60000 -200.x = 6000y
= 200 4200~ 60000 = 0 -
= ¥ #10r-3000=0 (Dividing by 20)
= (x=50)(x+60)=0
= x=50 or x=-40
smﬂl‘ r=

=60 is nol ndmissible, so we neglect it. Thus the rumber of shares purchased is 50

Alibomates X

- {jeit 2 Theory of quadratis equetjgng M

] v E‘m 2.7
i ————— "
Find two conscculive positive inge
2 The sum of the squares of three t

gers wh"“ product is 72,

6. The area of a rectangular field is 252

longer than its width Find ts sides. T nEh OF s side is 9 meter

7. One side of a rectangle is 3 centimeters less than twice the other, If the area of the

rectangle is 54 square centimeters, then find the sides of the rectangle

8. Thelengthof! one side of right triangle cxceeds the length i
. the hypotenuse is 15 centimeters, then find the lmgxho%"lb: :fﬁfé’?f&"iﬂ@":” pertd
9. The sides of a right triangle in cm are (x~1), x, (x+1). Find the sides of the trinngle.
10; Ashephierd bought some goats for Rs. 9000, = e "
Ifhe had paid Rs. 100 less for each, he would © 7 -
have got 3 goats more for the same amount . - |
of money. [
How many goats did he buy, when the rate in
each case is uniform?

1. At the end of each guestion, four circles are given, Fill in the comest circle only.

(i}, If the sum of the roots of

(a+ 1)C-(2a+ 3+ (Ba+ 4) = 0is T thena~—
0O (81N [y 02 O3
(it} The sum of the roots of a quadratic equation is 2 and the sum of the cubes of the
roots in 98. The equations is
O X¥-20-15=0
O X-dx+15=0 .

(iii). 1f a, b, ¢ are positive real num
ax* + by + ¢ = 0, are always \
© realand positive O real '“'::}:Z’m
O rational and unegual O none o

O F-u+15=0
O none of these
ber, then both the roots of the equation




E-.—-—Bﬂ“‘ﬂmﬂ.‘f&wqqmuq “Qation
R

tbcnthevnlucotl+l

() lfnndbmd\emuofh’-lx-i'lfo, 34 T
< 3 3 4
0 -3 o2 0 -3 o 2

2. For what value of k the roots of the equation 3x* = Sx + k = 0 are equal.
? tJ

3.Evaluate (—I+J:3) +(-I—\/—_3)-

4. Without solving the equatian, find the sum and products of the roots of the following
quadratic equations, <

(i)4¢=1=0 (i) 3¢ +4x =0

. Find the value of k so that the sum of the roots of the equation 3" + (2k + )x +k - § = o
is equal to the product of roats.

6. Find the value of k if the roots of ¥* - 3x + k + 1 = 0 differ by unity.

7.Find the quadratic cquation whw‘E roots are the multiplicative inverses of the
roots of 127~ 17x ¢ 6=0.

& 1fone of the roats of the quadratic cquation 2. +kx +4 =0 is 2, find the other roor,
Alsofind the value of k.

9. One root of the cubic equation x*+ 6% + 11x + 6 = 0 is ~ 3. Use synthetic division to
find the otherroots, 1.~

10.Solve the following system of equations.
(hx+y=3,F-3y+y =137 ' (i) W =4 =5y, 38 + 2 = 4y

1. The area of a rectangle is 48 cm’, If length and width are each increased by 4 cm, the arca
ofthe larger rectangle is 120 cm’, Find the Jength and width of the original rectangle,

Abuzar is trying to solve the qusdratic equation x*-+x 4+ 11 =0 ~

. v"
:z finds two-real solutions to the quadratic equation, Habiba immediately poin'j

that Abmr’s;mwmmmg. Habiba explains that she doesn't know what t
g solutions mnghtamy,bulshehowsthcymnotmalmbm. Whoiscorrect?

Using online calculator,

ing

Q The quadratic formuly is =

The part of the quadragie a
discriminant, b formula underneys the

@ Discriminant = b* - 45,

Square root sign is called the

N
. . . > \
Discriminant b’ ~dac> g
—_— b ~dac= b’ -dac<0
Nature of roots |THE 10015 are unequa| T
2nd real. Roots are = N:!L are | The roots are unequal
rational if b-4ac is M and imaginary,
perfect square
otherwise they are
imational,
© A function of the roots of an equation, which remains unaltered when any two of the

roots arc interchaneed is called Symmetric functionof

Q For finding the equation ar’ + hx + =) (a# 0) when i
h ts
x' —(sum of the 1001$8) x + product of the roots -)o wbcrem i

Sum of roots = - b
a

the roots,

3
Product of roots = —
a

Q Syuthetie divisionis o method of performing Euclidean division of polynomials with
less writing and fewer calculations,

The advantages of synthetic division are that it allows one to calculate without writing
varwbles, it uses few caleulations, and it takes significantly less space on paper than
long division. Also, the subtractions in long division are converted to additions by
switching the signs at the very beginning, preventing sign errors.

Q A system of Lincar equations consists of two or more lincar equations in the same

variables, : : :

Q A solution of system of linear equations in two variables is an ordered pair that satisfics

each equation inthe system.

©

.
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. s :’Srt:‘ l:l;mhe: mcreases, itis called
B ey A oty :on or anather in our daj

: ® If 3 person pushes a car, he

. r S : . foapply more force,
@ Define raio, proportions and vasiations (direct and inverse). ﬁmﬁm a “ .
= . o Stoapply less
3*,4* mesnaod popay mpoeeado, divi r
: :‘:‘y \heorems of invenendo, alternenda, co 0. dividendo and componendo and lm' A
: 2 - £hn marathon race an athlete
it 0 has more speed than

other participants will reach
the finishing line in less time,

On motorway from Peshawar
te charsadda, from the same
two cars if ane car bas to
reach in Jess time, then its
speed must be increased,

Ratio, Proportions and Variations
EHHE Ratio

A ratio i's used to compare two or more quantities of the same kind which are measured in
same unit, The ratio of two quantities a, b ofthe same unit can be shown as:

@ Solveproblems related to joist variation. : :
L UuK-memvcmdldmleq\uliﬁuiwoMupmpomom.
@ Solvereal life problems based on varistions.

Example "1 Write the following rtio in simplificd form:
W 312 (i 6a: ISH
Solution W 3 12=1:4 {ii) 6a: 18b=n:3b
5 Exumple 7 Divide Rs. 5070 amang three persons in the ratio 2 & 5 : 6.

Solution Givenratio = 2:5:6
Sum of the ratios = 13 "
o = 5070 x —= Rs. 780 A ratio s said 10 be in its
Sheiso o I preion 13 simplest forma : b when a
5 and b are integers with no
Share of 2 person = 5070 %7 = Rs. 1950 | common factors(other
than 1)

P

6
Share of 3" person = 5070 % ne Rs. 2340




1,1.2
Aproportionisan

. l'mpomrﬂm lhalmlumumonﬁosmcguiv:m‘;ol&hmssivm”
Ifa,b, dmquumitvadmungmeﬂlfwno ap
ab,c,

to 2eT0. :
a. < aouqualwzem.dnolcmm‘ .
. wmb' also be writien 3s; m‘::;‘;t;‘:ap;:nm
The ubovewllcra: x ofhe gy ofa
abiic: -
a:b=c:d
i lled means of the
3.5 i J-Asé:&lnllusfonﬂhndhmu
2 =2 canbewrittenas 3
The propartion i "
9mp0ﬂionlmi1m68mu|ledﬂlcexuun¢soflhcpmpoﬂw R o
Themsswoductohpmponim mequal_i.e-ixsru and 3 * L

Example [E]
a'-b) al-plat + ab + b? and x are in 3 propartion. Find the value of x.

Famtion.d

_wmg to the question
(a’-p') (a®+ab+b’)
- =
(a-b)(ﬂ'd-lb'*b’). (a®+ab +b’) L=
(a-b)(a+b) x

>R i
a+h x

of x=at+b

“EENEN Variations

In Mathematics, we usually deal with two types of quantities: Variable quantities (or
varisbles) and Constant quantities (or constants). If the value of a quantity remains
unchanged under diffcrent situations, it is called a constant, On the other hand, if the value of
aquantity changes under different situations, it is called a variable,

For example: 4, 2,718, % ete, are constants while speed of a train, demand of a )

commaodity, population of a town ele, are vaniables,
Thechange of variable parameters is called as variation.

——

3 Varloton

Kinds of Varlation o

Thereare two types of variatign, Direet Varatin i
». Direct Variation nverse Variation.

If we borrow books from the schoot 1: ’
seturning the books, we wil] pe ﬁn::‘;:;b?? and are late in - T

overdue book. The table bejow shows the fine forl:.l‘odly d{‘or b::h m )
verdue book. N

No. of days (x) T !
me (Rs. y) 15 0 4 5 b
60 5 ' 2

‘ ; ber of days ( i increases

e h 0 %) the book is overd,  the

% i)l:: h:l vc.u:ht:si: p;o::dn:mlly. ieif x isdoubled, y will also dofble: ifxis hll\‘::;
Al \Tect proportion. We say that the fine (Rs. y) is directly

p ‘urtl aumber of days (x) a book is overdue. We say that y varies di

yisdirectly proportional tox, I

If y varies directly as x, this relation is written as
y=x or y=kx

Itis clear from the above statement thay ¥ «
Where k is a constant of a direct :ehﬁoé,:m is called comstant of variation.
Example (&
Given that y varies directly with x and y=27 whenx =3, Find
(i) An equation connecting xandy. (i) The value of ywhenx =11,

[~Salution |
Since y is directly proportional to x, then
yex = ye=k
(i) Putting the given values of x =3 and y =27

?ﬂc = k=9

So the equation connecting x and y is y = 9%

(i) Puttingx =11 in above equation.
y=9(1n=99
Which is the required value.



Unit 3 Variatg,

Example B ,
If ycx.mmcomplelubc following table. '
"‘.-1"1!4 4 5 8 | et
& Tl sl 18| 2
"‘Sol-_uou
)'CX
g - =& b . ‘.-)
-t or J 1
when x=4,)
i lues in (i) =2
Purtting the val Ao o ; 2
& )
[Equation (i) becomes - Y= A

Putting x = § in cquatien (if)
).=%x5=-'2§vl7.5
Which is the corresponding value of y
Putting x = & in equation (ii)
g
p=—x8w]2
"3
Which is the coerespanding value of ).,

Naow putting y = 18 in cquation (if)
8= e x=12

Wb;'ch is the corresponding value of x,
Putting y = 22.5 in cquation (ii)
2= o =15

Which  the corresponding value of x.
St'cc:mlde table is pveé as undcr,

Uit 3 Voriotion T . B .
b. Inverse Variation -
The following table shows the time tak
speeds.

en by a car o travel a distance of 120 km at different

Speed x kmy/hy
[Time quymm, :'2’ 260 3:) 430 (;o |fo

You can notice that as the speed of car increases
the time taken decreases Proportionally i ¢, il"
« is doubled y will be halved. If x js tripled then y
will be reduced to ; of its original value.
Similarly as the speed of car decreases the fime
taken increases proportionally. This relationship
is known as inverse proportion. We say that the
speed of car, x km/h varies inversely to the time y
hours taken. !
Ify varies inversely to x

Le O~ .-5 -
¥ =l }-x or  xy=k

Wherekisaconslamandkisnotmallozcm.
Example ] Ifx varies invessely to y and x = 3, when y = 12
Find the value of y when x = 6. <

Solution | &
yr= o ‘ym= (i)
x ?

Puttingx = 3, y = 12 in equation (i) Inverse variation
lZ--k- wb.enmeqmmiq increases / decreases
3 while another quantity d {imex
or 36 =k k
Putting the value of k in equation (i) b AL AR
36 .
¥ (i)

Putting x = 6 in equation (i)
i % =6 which is the required corresponding value of y.

Msemematics X -



ty of §as in a container varieg

. i
Exam ltﬂ Gi\mdmll'rtw‘“"' on the quaA
4 L When pressure OF

gas in 10 N/m?, its volume is
i Wie P .
inverselytoits volume 'V’ I

25m’. Find the
P is 20m’
pressure when the vohm‘e o & =
ol Pey  * TV
Putting the values P= 10 Nim®
]0.-:; or
| ioa (i Fowdueclpmponio_n.
For equatica (i) 250 (i) 3y, = X/, but for inverse
Fe 2 propartion, we have
putting | in equation (i vy =X /x; 08
ing V= 20a’in ou (%) ii’: = x),. Note the order
pu 0o 125N ofx,andx,.
20 - &
v Exercised.l . '
-__——-_'
I Wbichinhegrw:rnﬁo.S:?w-lSl:ZOBr ? '
2. Gold and silver are mixed in the ratio 7:4. 1736 grams of silver is used. How much goldis

used. )
3 DividethemmulproﬁlofR.Ll0,000olmdwyammﬂpaxmminlbcmioofs :8:12,

411 -l =22 27, find the value of x.

5. There is  direct varistion between x” and y, When x = 7, y = 49find:-
{i). y when x = 9 (ii). x when y = 100

& There is an inverse variation between x and y, and whenx = 4,y = 6, find:
(i), y when x = 12 (). x when y = 24,

7. re -’-:-,-andp = 9whenr = 2, Find:

(i) rwhenp=13 (:i).pwlwur=%
8. If yx x, then complete the following table.
x 4 6 i 15 .
¥ 2 - 35

~ng—

"3%"‘"@?2& S e T e e =]

Third, F —
Ao e : r,ol;m‘ Mean and Continued Proportion h
163 are sa 3
term are equal to the uliomrbe In continucd proportion if the ratio of the first term and sccond
o !bcseeondunnnmmi,d.m,m,:b;:(,:c then ac =b

Ifa, b and ¢ are in continudy %
mean)ofa ande, Proportion then b is called the mean proportional (or geometric

c is called the third proportiona)
!
For example, the numbers 4, 6 and 9 e in continued proportion because
4:6:6:9
A4x9=¢
36=136
The numbers 2, 4 and 6 are not in continued proportion because
2x6ud’ ;
12216,

Example m Find the mean proportional of 5 and 15.
[~Solution | Letx is the mean proportional

15 x

— -

x 5
or x*=7s
or  x =475 taking square roots on bath sides
o x=5/3

Example @ Find the third proportion of &' and abe.
[~Solution | Let x be the third proportion.
2
Therefore, ﬂ=$ or x=¢.
abe  x
Example [i{]] Find fourth proportional of a’~b', 2 + band a’ + ab + b’
[~ Solution | Letx be the fourth proportional,
then (2'=b"):(a+b)s(a' +ab+b):x
ie, x(@-b)=(a+b){a +ab+b)
(a+b) (s’ +ab+b') _(2+b)(a+ab+b')
- 2-b (a—-b) (2" +ab+b)




Dait 3 Variatign

m "
&R | Theorems on Proportion
B Alternendo Property g
Il’a:b-c:dtbcna:c=bi .
et . the second and third tem interchange thel places, then also the four terms are
in proportion.
Example 1£3:5
B invertendo Property
lfn:b::c:dlhtnb:a::d:c e
nmis.irmmiosuccquMlleﬂ\’t
Eaample 6;10=9: 15
" therefore, 10:6=5:3
Componendo Property
Il'a:b=c:d|]m\(n+b):b::(c+d):d
Example 4:5=8:10
tbcmfom(4+5):5=9:5=18: 10
=(8+10):10
E1 pividendo Property
lfl:b::c:dtbm(a-—b):b::(c-d):d.
Eaample 5:4=10:8 ’
(5-4):4=|:4=(|o-s):s
B Componendo-Dividendo Property
lfa:b::c:dthcn(nfb):(n-b)::(c+d):(c-d).
Example 7:3=14:6
743):(7-3)=10:4=5:2
Again.(l'u(r):(l4-6)=20:8=5:2 v
‘!‘hmfou,(7+3):(7-3)=(14+6):(14-6)

Example [} 1 %’ -3 then prove that 2a+3b : b=2c+3d:d

“6:10 MJ:G-I:Z’SIW

ree ratios arcalso equal.

~15:9

multiplying both sides by

e

Solution

2a+3b _2c43d
» 3
2a43 2c+3d
R |
: 20+3b:b=2c+3d:4d

using cempenendo property

Uat 3 Varlaticn
| I
m

i Example ) Prove thayjr B2=4) (3e-aa)
a e (3a+4p) (36447)'

— —

b
M=t e-dd
; Ja+ab  3cyaqg -
Then (33~ 4b) + (3a + 4p)

(Ga-4by- (35 + ab) w

(e =4d)-(3c + 4d)
(Componendo - Dividendo)

or ‘6‘;,*
-8b -84
or a.s
b

I Example §E] 1r M 13
(x+37 ~(x-4] 12

sotation; 2 +-9) 13
(x+3] —(x-4f 12
By componendo - dividend property
(43 #(x=4) +(x43 ~(x-4) 13412
(r+3)' 4 (x=4)" [ (x43) _(,_W' 13-12
Z(x+3) 25
Za-4y T
Taking square root of both sides ‘—*: =45
e

then find the value of x,

or

x+3

When ;—_—4=5 o, x+3=5-20
or I=£
4

When P35 o, x+3=-Sx+20

or = -
vy
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2y 4 Unit 3 Vorlotlon .« ; M
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Joint Variation S
Joint variation is the same ps Sleoda vatess
" : ot fo oo vaniation with two or more quantitics. i.e. Joint variati
) _ 0n? is a variation where a quantity varj quantities, Le. Joint variation
1. Which of the following quantitics are in continued proport ifxis jointly proportional 1o ym:s‘:l;:::y'fmpmductorm or more other quantitics,
el ‘ 03,1239 ' (). 72,24,8 this relationship as : Write x=kyz for some constant k, We can also write
(. 4,12,36 (. 2 -
) 3 - —=k
2. Find the mean proportional of 12, e
3.16$: 15 arein continued proportion,find the value °f:' For example,
4.1f3x~ 1, 5, 35are cotinued proportion, find the value €% Arca of a triangle = L g
: sonal f;’-h’lﬂﬂ.gié " 2]
&, Find the mean propertional a=b Here!heommmkis;,
ad o' +¥ . - 2t o o

a t that gctad Area of a triangle varies Jointly with base &' 3 , .
a.lfb dﬂmprove g < o yope g gl ¢ 'b' and height T, \\_ :
7. Solve the following equaticas. Here the constant k is 1. )m\\*"

3 - 2 gt : S
ez 4 (-1 4(x+2) 17 Q"‘u‘:r,‘ 'l“'.’“ﬁ" varies jointly with length ‘L' and width "W,
O Tra—dx 1 -0 -G+ B cwion's Taw of motion; Force = mass x aceeleration,

The force exerted on an obj

JP+a - -d _1 produced,

ect varies jointly as the mass of the object and the acceleration

(lil). T—r—Tg’ 3 . ‘
O 4a’ +Vx -2 b Example (¥} Ify varies jointly as x and 7, and y = 12 when x =9 and z = 3, find z when
y=6andx=15.
Math Fun
Solution . | Write the equation, y = ka ®
Substituting y = 12, x =9, 2= 3 in (i), Tey This ™

- Ifz varies jointly as xand y

1A= 400) 4 and z = 24, when x = 2 and

12=27k = —=k y =4, find 2 when x =2 and

i So (i) becomes, ? =

y= gx: (1)
Substituting y = 6, x = 15 in (i).
| 4
6=—(15)(z
9( )

60 9
6-3'- = 54=60: =1z 10

8




dei}mﬂy;omdéthﬁdu'm
‘{ulu inversely to some othar‘
@mﬁﬁa.sqm:x)ﬂhm-%:_, st

r

fir y Exercise33 - |
‘—_————' y : i g
- 12, findy whenx = 16 and z=22,
1. Ify varies jointly as xand z,andy =33 wheax 9andz=12,findy
r & lﬂ'vnﬁesjoimlyugundkmbeolh.
andh=6.
3. Swﬁuhjohﬂnmpmiﬂmlmbudc.Il'a=4whmb—8:ndc-9,lhaawha|isa
whenb=2andc=187 !
4. lfpnﬁesjoimlynqmdnqued,mdp-nSwhmq-landr-}.ﬁndprnq-6and
r=8. J
L 8 Il‘nvuiesjobdynbcnbdandc.mdl-%whqpb-dandc=6.ﬁndawbmb=2nnd
o= 14,
6. 1fzvaries jointlyasxand yand z= 12, whenx =2 and y =4, find the constant of variation.
7. Ify varics jointly as x' and zand y = 6 when x = 4, 2= 9. Write y s a function of x and z and
determine the value of y, whenx=—Bandz= 12,
8, 1f p vasies jointly as g and 7' and inversely as s and ', p =40, when g =8,r=5,5=3,1 =2,
Find p in terms of g, r, £ and 1. Also find the valoc of pwheng=-2,r=4,5=3 and 1 =1,
JAEtIY
Use oaline cakulatoe,
Give examples of joint variation / direct and inverse vaniation from daily life. Write down
these examples.an flip chact/ chart paper and present your work in class in groups,

and f=200wheng=S5andh=4, find fwheng =3

EW“

Unit 3 Voriotion X . J 533 T'I
EE K- Method ol 3
Let: athic:d beap rio a ¢
roportion then 17:3."(""9
-n“-ISG"u c=dk
These equation are used tp e TRESRT
K-method. "He certain expressions more easily. This method i called

K - Method is explained with the help of follow;
| Example [
a c_e
1f Z’;‘}' thnb,d,fnrcm

Ng examples,

“Zero numbers, then prove that cach
of the ratios is equal to the following ratios,

ta mec+ "ne
——t E

£b+md + nf
|_Solution |
Let 2:5. Eiak
b d f
a= bk, c=dk,e=fk
(a+m+mc=fbk+mdk+r;a k(tb+ md+ nf)
tbmdsnf ~ Gxmdenf ~ (brmds ) -
I Example [i7]
Provethat 2=£=-8  a¥cte
4 b d f bed+ f
| Selution |

ADId YouKnow?,

Beautiful numbers relationship
'+5+3 = |53

o ¢ ¢
—Semm—=k

b d
a=hk,c=dt, e=fk
or atcte= bkvdk+ fk

1+125427 = ISJ-
or  avcse=k(b+d+f)

a+h+c a ¢ e
= L

bid+f b od f




B o o +¢-‘ 0¢
! __‘..-S" W
| it Example [§] Provethat 355 7

ﬂ +c *(, -‘,

n’-}t:“'.

a ¢
sk====
vraer b4

9 a4 b wherea .
Ii Example I _‘g.‘- :
prove that,

or

I..lmt' 3 Voriatien

bcand X2 are non-zero numbers then
1, - 1

g

(i)

(i)

(iv)

—

Unit 3 Vorlotion 5l r I
* _Exereise 3.4

———
1. 1f a: b=c:d then prove thyt

Za+3b _2c43d
2-3h 2c-3g" " Pavgbimo-mba pesgd: meond.

ﬂ=£.__ Pat gt 4

2. Prove that il J;%
x=y y=z s-X

o

Y. 2 are non-zero
pumbers and x4 y 4z 20,

qy+2z—x 22420—y xsi2p-
S e =

X » =z
2b42¢-a Zc+za—b.2a+26-c
5. Prove that each of the fraction in:
X4y _ydr _ z4x

X+y+z
a+rb b+c fegual asbye
by ox+ bx
6.""[,+n cg_:l: a_b.mm(a+b+c)(x+y+:)=ax+by+¢‘z

X __y

L2 (b+c-a) _(c+a—b). (a+.b-¢)'mm(b“‘-‘l“(t-a)}""(a.-b):-0.

8. lf2x+3_v:3y+4::4:+5.r-4a-Sb:3b-a:26-3a.thm7x+6)-+8:=0_

: Challenge' Ty
la=b _(b-c) b(f_d) + (cd=af ) |
Jthe
9. (d o e=n' nucho!lhcmhqunllo

e(f~d) S
| Did yow N2t
Do you notice anything interesting in the following multiplication?
138 x 42 = 5706
Answer: All digits arc used

Mathematics X -



. — o Unnt 3 VurkllIO': .
. : Example FX1 The ratio of 1he mass of .

i sand 10
i 4.8: 2. 106 kgofsand s cement in g part;
EXE] Real life problems pased on variations 1.8 vhgolsandarcused, how much e particulsr

d&i i Gt TNt is needed? type of concrete i
f a hill. The distance it falls s ‘~Solution  Let the

- H dfﬂﬁ‘d from the top

| Example m A stonc is

12 Then
iomal to the square of (s time of fall. o ST, Omis sand : cement = the ratio iy,
ﬂtcp.::nc (alls 19.6 m after 2 scconds, how far docx 1L E¥ Ao i docanc "'f 2
alter 3scconds? o 0.0 mix This is direct proportion. hix
v | Wecanuset d= . i
: S'thmmlm- -I'is tb‘c distance fallen and 115 the time of fall s 2 i, 2
x
- 1=2 . S - R
When d |l9‘.)6(|hc: 3 } RS Cross -multiply: 4.8 % x =2 x 6, or more simply, 4.5 12
A - " . . L X = .
196 =4k =k 49 Solve this equation for x: x = ‘:_28  which gives £ =25
So now we lcm‘;‘n':.‘ 0 So 2.5 kg of cement are needed. X
And when t = 3: ) : i1e.3 Seonady Example 5] 4 {,c(,pl,.. can paint & fonce n 3 hours
fall d;:l'q : Jﬁ:r ;‘:clcond& Haoamn 1 ':“’“' loog will "}‘c""c 6 people to paint jt?
So it has falicn 4.1 m aficr 3 s ! t11) How many people are needed to complete the ioh
on varics dircctly as distunce ¥ of the worksal the same rate) plete the job in halfan hour? {Assume everyone

b Example Bl Height of an image y an @ scre

peojector from the sereen. Height of the image is
20cm when distance of the projector from the screen

Solution It is an Inverse Proportion:
As the number of people 10es up, the painting time

is 100cm. At what distanee should the projector be gocs down.
kept fram the sereen so that the height of an image on As the number of people goes down, the painting time
the sereen be § Sem. goesup,

i ; ) A ’
|_Solution | y=x of j‘,"‘ @ (0 Weeanuse: ¢ = = Where: 1= number of hours
"
when ¥ = 20cm, x = 100cm k= constant of proposieaality
Putting these values in (i) N = number of people
20 . | 5 “4 people <o paint a fenee in 3 hours” means that =3 when n=4
—=k or == ¢
100 Therclore, 3 = 3 = k=12
Yl
x 5 . 12 12
S0 1= And wl =6, I=— =2
Putting = 1Scem andk = | in oquation (i) d " e
151 So 6 people will take 2 hours to paint the fence,
X & 1 12
ar x = 75%cm a ;=—y A

Henee the distance of projector from the screen = 75cm.

So it needs 24 people to complete the job in half an hour,
(Assuming they don't all get in each other's way!)




Unit 3 Veriotion
W] B
. Exercise 3.5
hedge is made ) of the hedge varies direetly as the
i ¢ wooden planks. The thickness (T)‘
| ¥ :\mbctol: pllnks:N:-t plnnksnnkcncm thick edge. l‘infl
| (1 Thickness of the hedge when number of planks i 6.

s.a: e hed, 1 9em. i
(11 Number of planks when thickcs ol ,,:f.,. varies directly as depth 'd' from
T of water M any i Jcm. Find pressure when depth is Tom.

2. In a fountain, the
:I.:wfat- Pressurcis S| Newtonfem'when depth gt < whow
| 3. Pressure Pof gasinacoatainer varics dkchynstcmp':m;né’c ; pressu )
’ ; temperaturcis 75C° Find pressure when temperaturc is 150 =N
4.lr8pusomswmplclcuwukin lOdagsmcubowumdaysww pe o
complete the same work? PR = 300 Nim® when V = 4m’. Find

&, Volume of gas 'V varics inversely as pressure
prossure whenV = Im'

6. Attraction force 'F between fwo Mag s vary
between them, F is 18 Newton whend is 2em. Find !
Newton,

7. The volume of a right ¢

radius, The volume of a right ¢
centimetres, is 352 cm3, Find the volume ofanothercy!

height 14 centimetres.

inversely as square of the distance 'd'
he distance when attraction force is 2

i linder varies jointly as the height :_md the square prmc
e ci':cl::lnr c)-lindejr. with radius 4 centimetres and height 7
linder with radius 8 centimetres and

)

1. At the end of each question, four circles arc given. Fill in the correct circle only.
(1 Direct yariation between a and b is expressed as.

O a=b o c-% 0 axb o} a«%
(i, 1f mecL then
n
O m=kn O n=km o %:k O mn=k
{1i1), Identify the item that does not have the same ratio as the other three.
30
o] T O 4106 0O 23 O 32

i [—

e

- l];!' 3 Vatlation

""‘_'_

A [
(iv) e thea by altemnende Mroperty

o a-l;___c-,[

= - i AL R 20
e ash cuy
o 28 b_d
(v), 1F7:9:x:27 ik
O x=21 O x=3 O x=7
(vi). The third Proportional of x and y i RS
&y 2 QK y
| > Q = QO nonc of these
(vil). If xex = and v L then
.l :
o ,u_; O xax= O xyas QO xxzy
(vii), 1M 2a+1:21:4:7, then
E 11
O a B O a==— Qa=10 o "=2
2

(i), 2= =2 thencach fraction i
b d f raction is equal to

Ca+ mb+ ne La+ me+ ne
fd+me+ nf Ihs md + nf
(a1 4 e+ e o fa+ mbene
md + nd v of by me+nf

(x).  Whichof the follwing is a situation in which x varies directly as y?

4
O x=- O n=6 O x=x (o} ;=%_|.

“'
2. Find the constant of variation, when 5o ¢ and t = 10 when s = 5.

3. ya:—‘_!:—' If y=4 when x=3, find the value of ¥ when y = 9.

4. Pressure of gas in a closcd vessel varics directly to temperature, If pressure is 150 units
then the temperature is 70 units. What will be the pressure if temperature rises to 140 units.

3, In an electric cireuit, curment varies inversely as the resistance. When current is 44 amp,
The resistance is 30 ohm. How much current will flow ifresistance becomes 22 ohm.
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mrm ALY
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.-1. '
v

a=21whenb=5andc=30.findawhep

6. [favarics johllysbnndlh:sqmmﬂofc.lﬂd
. 1‘»\;:2 m-n:;; 22:‘;“” be sdded 1o each of the numbers 38,11 and 20 to make them jn
* What i
8. Wha m:cr st be subtracted from each of 6.8.7and 11 so that the remaining numbers
. What number m
e wmmm umbersis8: their difference is 20. Find the numbers.
:;I.Tr?:dmu.:u nnmbc':oi: cominul:ds p?;;dmm such that their sum is 14 and sum of their
Ll
n mmai:::;potﬁomlbenmmommbcrsisnodlhcinumis 13. Find the numbers,
lth\dtbemgluofnnimlcwhichmhlhean 14:5

a_c um—————m(a“).———(“c)
B g =2 henprove O 42 +d)  (b+d) PPTTAr T T
a a+ ALY et
14.|ra,b.cmmcmwwopoﬂi°°'h=""'°‘“h"  Babete b=
| A e |
.- C.& o Xede: el
l&lfz-;=}-.ibﬂll"°““‘”bs+d'+[’ hdff

. summary ¥

g Am:inspecillt'ypeo!nﬁo.
Arateisacomparison of two quantities of different kinds.
Aratio compares two quastitics of the same type.
6 Apmponionbaﬂamnmtcxmingtbcequivﬂmccofmv rates or two ratios.
6 Two quantities are in direct proportion when ane quantity is doubled, the other quantity is
= also doubled: when one quantity increases x times, the other quantity also increases x times.
Q Two quantitics are in inverse proportion when one quantity is doubled, the other quantity is
halved; when one quantity increases y times, the other quantity becomes 1y of the original.
g Ify vasies directly tox, then y = kx, where k is a constant and k = 0 is dircct variation.
lfywieginvus:lym:.mxy-k.whackincomwumdk=0isinvctscnriution‘
If y varies directly to two or more quantitics x and z, then y = kxz, where k is a constant
and k=0is joint variation.
@ Let: a:b:c:d bea proportion lhm|=|=k(my)

Thus a = bk, ¢ = dk

These equation are used to cvaluate certain expressi i i i
Bicor oy xpressions more casily. This method is

ﬁ-cﬁis unit the students will be able to |
@ Define proper, impeoper and rt F =y

@ Resolve an algebraic rmcum:ul:::‘fm:' ifs

fractions when its denceninator consists of 5 "

& moa - repeated linear factors, .'-"3.“"&-“‘.' _4x- .
& repeated linear factors, Al ,'-'::. (x+2)( x=1)
©  von-repeated quadratic factors, WD T,
o repeated quadratic factrg, vy

)

The partial fractions is simpler, which can help t . : ;
example, itis very useful in caleulus, which is nbran:hs::"n:m::z?phw‘:d R

23
x=23 "
Partinl fractions
2 =
We con do this directly; ——+ X _'5’ 1
B x+] x-=2 x'-x-2

Like this:
3 _2(1'*2)*3(1'0”_2.\'-44»3.!4-3_ Sx-1

ThAn(-2) r-x-2

el
Tl x-2 (x+D(x-2)
... but how do we go in the opposite direction”
2 k) Se-1
X+l x=2 x'-x-2
How 1o find the "parts” that make the single fraction (This is "partial fractions").

Mathematics X -



Unit 4 Partial fractiony

ly one fact
riial fractions e more ractions RIS o
::-mdmwtchdocssphmuupa frxtwn “w M’ o o fractions rhiderpirnses
denominator is call partial fract
i:::sagmn fraction s called partio! fncnon
Proper and improper rational fractions
mmmul fraction A rational function can be writlen in the form:

ﬂx)'ﬂ:‘)

Whete Pix)and Q(l') are polynomnl
[ Proper rational fraction A rational fraction é—- ;

s where Q(l)‘o
(Xx)# 0 is proper fraction,

lflbedcﬂuofnnmmlo'f’(!)lﬁe;s w
than the degree of denominator Olx >
For example, i ‘? 5N\ e
ex-3 V.S L& T &
_l_. 2x ) I.v o‘x 1 > 6(\): / a
4+l re2 axr-x+l 5 Z/ A =
are proper rational fractions. 73 Li'? 30 | ~h
mlwuﬂoﬂdfn«ms —
A rational fraction a—- , ((x) # 0 is a5 an improper fraction, lflhe dcgn:c of numerator
P({x)is greater than or cqual to the degree of denominator (Xx),
For example, 2 fraction that has a larger
i'+4 X F43xe2 1 -x+xel number on the top thap on

the bottomn

& @ Nemeratr '

6 <+— Desominutor

Gel(z+2)" 2x41 r42543" ©+x-|

Any improper mtional fraction can be reduced into sum’of
polynmhlswdpmpetmioml frachon by large division.

For example, consid«
by denominstor as

l . an impeoper rationsl fraction. Divide numerator

2542

—~

i

W.' 4 Portial Jroctions

(4.2

S——

Resolution of fraction into partial fractions

fesalution of rational fraction ﬂ'_)

o0’ where O(x) ¢ 0 into partial fractions depends upon

the factoes of denominator Q(x). Thus there are four cases involved in resolution of fracti
10N O on.

]
(1)
()

()

(Coald

Let proper fraction

When denominator ({x ) consists of noa-repeated lincar factors,
When denominator (\x ) consists of repeated lincar factors

When denominator O(x ) consists of non-repeated quadratic factors.
When denominator Ox ) consists of repeated quadratic factors,

When denominator consists of non-repeated linear factors

o is given, factorize the polynomial Q{x) in the denominator if it

is not already factorized, To every non. rvpeued linear l'aaor ax+h in the denominator

corresponds a partial fraction of the fom A 5 Where A is a constant. Thus if

Kx) =(ax+b)ax+b.)

_.'I:!E""‘ N

then

Lo, NI WP

0N ax+h  ax+b,
Oix)=(ax+§ Na,x+b,)ax+b)then

ﬂﬂ- = A + 8 K3 C

O ax+d  ax+h, ax+bh

Where A.8 and C are constants to be determined.

where A and 8 are constants. Similarly if

() i) v

==K O\
5

F&B S_ALE Mmmm:sx-
ot et

ll‘!L




e A Vo0l fractiony

! g0 cartial fracs
Example n i i
M ToaDred) yel x+2
| A(x02)+ﬁ(.\'+l)
—'_——'—:___'__,_4—"—‘"
a (x+l)(x+2) (x&l)(nz)
Multiplying both sides by (x+D(x* 2) we get .
1= A(x+2)4+ Blx+1)

x==11ia Eq. (2), we get
|=A(_|52)¢B(—1+1)
s 1= A(D+8(0)

I=4

Purting

oc
putting x=~2 in Elq= 5:1()—;: sl’ scaed
=2 I'."(o)#ﬂ(-l)
= |=0-8
ar
Now putting these values of 4 and B in equ.;lion (i) we have
1 1 -
+*

Galx+2) x+1 x+2

| | 1
=(14l)(x¢2) x+1 x+2

These are required partial fractions.

f

8 - DL LI ,
>

\ = 12,345,678,987,654,321, {

Yot A Partiof froctions
} fyample {53 Find partial fractions of
e+ 2
X —x-2

Solution
l Simce ~"--!-'-’-(x+l)(x—2)
Ir+2  3x42
X-x-2 -m
G . S
(+D(x=2) x+1 52 (i)
3x42  _ Alx-2)+8(x+1)
(x+D(x=2) " (x+D)(zx-2)
Multiply both sides by (x+1){x~2) we have.
3x+2= A(x=2)+B(x+1) (i)
putting x =— | in Eq. (i) we get.
3(=D+2=A(-1-2)+B(-1+1)
= =3+2=A(-3)+B(0)
= ~1=~34

Therelore,
Let

=

= A=

| -

Putting x =2 in Eq. (31), we get
3(2)4 2% A(2=2)+B(241)
= 64+2=A(0)4+B(3)

= 8w -3
= Aw :
Putting these values of A and 8 in Eq. (1), we have
| 8
3x42 3 3
(x+1)x-2) x+1 x-2
N
Ix+l) 3(x~-2)

or dx+2 l . These are required partial fractions.

Fox=2 3x+D) Hx-2)




Unit 4 Partial Jroctioe,

m \When denominator consists of repeated linear factors

P(x) tor O(0) contains a repeated lincar facy
Let,in the proper fmnono() the desomina Q(P‘ ) or

R 1P
(m+b)’cumo°dsmmm‘m°fumg(x) ax+ b (avtb)y

+where A

and B are constant to be determined.
If the denominator O{x) contains the repe c
partial Px)_ A B, _whered,Band Care constants to be
"“"""'"Q() b @ty @by
determined.
: ; T ..
I Example {E] Find partial fractions o T,

ated factor (ax+b)’, then the corresponding three

|_Solutien
i e o o ) :
(x+1) x40 (x41)
X -A(.tol)-fﬁ

G+ (eel)
Multiplying both sides by (x+1)’, we get

r=A(x+1)+8 (i)

= ywAx +A +8 (iii)

Putting x=- | in Eq. (ii), we get
=lw A(=1=1)+B

= ~l=A(0)+ 5

= -1=58

=
To find, the value of 4 Compare the co-cfficient of x in Eq, (iii), we get

- =3
putting these values of 4 and 5 in Eq. (1), we get
SN

(x+)’ T+ (eq)

x+1 (x41)
These are required partal fractions.

v

Unit & Portia! froctions

|| Example (BN Find partial fractions o __ 2"+ |

| Solution iz
e 2xi+l A & C
(x=2)'(x+3) z-2+<x-z)‘+m 0
. 2 +1 Ax- z)(x+3)+a(x+3)w(x 2y
(x-2)' (t+3) (x~2)* (x43)

Multiplying both sides by (x— 2y’ (x+3), we get
20 +I-A(x—2)(x+3)+8(x+3)+C(x-
2 4= A 4 x— 6)+B(x+3)a (¥ ~4x+4)
2+ =(44C)x 4 (A4 B~ ~4C)x+(~6443844C)
putting x =2 in Eq. (i), we get
3
2(2) F1=A4(2-2)(243)+ B(2+3)+ C(2-2)
= Brl=A(0)(S)+B(5)+C(0)
= 9u0+58+0 = 9=58 = |g=2
5

(i)

(iii)

putting x =— 3 in Eq. (it) we et
2(=3) +1=A(-3-2)(-343)+ B(-3+3)+ C(-3-2)
= 2x9+41=A(-5)(0)+ B(0)+ C(-5)

= 19=0404C(2%) = c=1
25
To find valuc of A, compare co-cfficient of x* from Eq, (iii), we get
2=4d+C
Putting value of €, we get
’--l+-l—9- =5 2--9-:.4 = A_”
25 25 =3
Putting values of A, # and C in Eq. (1), we get
30
2.\"‘+I - 250, i3 ,,_ZL
(x=2)(x+2) x=2 (x=2) x+3
el 3l 9 19

(x-2) (x+2) 25(x- 2 52y " 35(xed)

These are required purtial fractions.

Maihematics X -



Umt 4 Portiol ,ruqm

Resolve the following fractions in10 partial fractians. :
a2 o ’ -l 3 =
M Tz 3 v 46y +5 :
2P -1 4x42 ) 2 15543
bl :' § - Genex-D (F=1x+1)
N . -
- 3
£42 2x-1 o X
! e K420+

————————— i
: (x+2)(x’ +3x+6)
2 l:
(19) (x=1) (x40}
m When denominator consists of non-repeated quadratic factors

T o o e -repeated quadmtic factor ax® + brte
== s given then 1o every non-re q
[a&cptopcrfmtlm o) s

in Q(x) which is not factorizable corresponds the partial fraction of the form

.g_’.% P LB Lﬂ where 4 and B are constants to be determined.
X) ax” +ox+c
1

b Example [ Find partial fractions of aD(r+2)

1 A  Bx4C
e mUTER -
| A2+ (B CNx41)
(r+(x*+2) (x+1)(r +2)
Multiplying both sides by (x+1)(x* 4 2), we get
1= A(F +2)+ (Br+ CHx+1) (i)
1= A(F +2)4 B + Bx+ Cx+C
I=(A+B)x +(R+C)x+24+C (iif)
Putting x=~1 n Eq. (i), we gt
t= Al + 2]+ [Bt-1)+ €141
= 1= A(1+2)4(-B+C)0)
= 1=4(3)40

i Poﬂ"' ’mdlmi
= A= A -l .
=34 3
o find values of B and C comparing co-efficient of ~ and « j
0=A+8 % % in Eq (i)
we get (iv)
and 0=8+C )
using value of A in Eq. (iv), we get
I
=—+8
0 3 +
- B--—l puningaa_lin 1
3 3 Eq'(v),“'s&C=0;=C=%

putting these values of 4, Band C in Eq. (i), we get

1 =11
I - —

———— . =
(x+1{x'+2) x+1 x*+2
1 1 " ~x+1
(xa)(x*+2) 3(x+1) 3(x +2)
1 _ 1 4 1-x
(x+1)(x*+2) 3(x+1) 3(F+2)

These are required partial fractions,

4y’ <28 4x’ 28 Ax+8 Cx+D
b Example [ x'ex' =6 (X +3)(x-2) x*43 ho ¥ =2

|_ Solution 4x° =28 = (Ax+ B)x' =2)+(Cx+ D) 5 +3)
=(Ax" ¢ Bx' =2Ax=2B)+(Cx’ + Dx* +3Cx+3D)
=(A+C)x" +(B+ D)x' +(3C-24)x-28+3D
Equating cocfficients of like powers of x,
A+C=0B+D=43C-24=0,-28+3D=-23
Solving simultaneously, A=0,B=8.C=0,D=-4,
4 -28  4¥-28 8 4

- =6 xX+r-6 43 ¥-2

Hence,
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iony
-y e P Uit 4 Portial froctiong T, i Portiel 407
" - | ) % "‘Musi“g yolue of I in (4) we get
) A tic factors '
3 r"puudqundu e ldtec
e m When denominator conshsts © . ;
! into partial fractions. :
b Example Resolve m 0-:‘—+C
1 A ﬂu(“‘ D.l"E, () l
1 e g ——t 2 41) L
. Solution.. Let —F I Pl (X +1 e [0
(.l—')(.t +1) ( ,‘”:*(m.C)(.\'-l)(","])"’(DJ‘*‘E)(K-I) 4 .
ot S D+ Using values of 4, 8 und C'in Eq. (v), we get
> =¥
TR (-
- o 2l ,:'n we gel 3
Iying both sides by (x=1)(x .
= |=A(x=.1)’»(aucn.r—mx’+1)+(D'+€)(-'-') (i) 051_}’}#0
I-A(r'::n"I)Q(BH-C)(X,"":+x-l)+Dx’-,HH'EI_E 2
= ) 5
1=m‘«_zxf,noa;'-mum’-Bx+Cx Cx P e
+Cx-C+ Dx* —Dx+ Ex-E
14 (-B+C-D+E)x ]
=(A+ B85+ B+C) + (244 B=C+D)x +( =l
1=(4+8)x"=( OB .

Putting x=1 in Eq. (i), we et Using values of A and C in Eq. (vii), we get
l=A[(n’+l]:~[8(l)+c](l-l)[(l)"+|]+[D(I)+E](l-l) 1 —(-%]-a

...
L}

4
L= A1 1] +(B+C)0)(1+ 1) +(D+ E)O) s
1=4Q2) +0+0 l=343-E
1= A(4) )
BE 1=5-E
= =
: . o X S .
Comparing co-efficients of x* ) x°, x and constant respectively. 5 3
0=A+8 (i) E--l
0u-B+C o : =3
0=24+B-C+D (v} Putting values of A, B, C, D, £ in Eq. (i), we get
0=<~B4+C~D+E (vi) | e iy i
1=A-C-E (vii) N = e e
Using valoe of A i i) we get m=moj‘:‘:}i+ﬁ
i T I -x-1 x|
4 = + - +
s [Bu-) Ax=1) 4+ 2051
I 4 1 | x+l x+l

GoDld a1y =D 4+ 22+




UN( 4 Portial !"'Glom

, Exercised2 -
i i jal fractions.
Resolve the following feactions inlo party i N A
(m ! () /(x-l)(-" w3 DD
2 l 4 ,
x(x*+1) ax-2 6. ’S—‘T
) -—,(—,1-” (5. —-—'-"'—(.‘H)(k,”) ATV
A ol ¢ o »

4x-5 .
st —dx+8 ©(8) (._,_.-x,’“), O EFrni-

L (41 (x-2)

25+4
a0 G-

1. At the end of each question, four circles are given, Fill n the correct circle only.

M ==
T
x’-ln 1 o !
T+l x-1 2(x+1) 2(x-1)
! ! 2
x=1 2(x+1)

O IG-h 26+D

P "
(i) If P(x)and O(x) are two polynomials then 5—:{—;—. Qx)# 0 is

O Rational fraction O Irrational fraction

O Proper fraction O Improper fraction
H
i 72z
O Proper fraction. O Improper fraction
QO Imtional fraction O None of these
(iv). What is the quotient when
¥ =8¢ + 161~ 5 is divided by x - 57
O f-x+45 O F-2x+2
0 Z-3x+1 O £+ 13-49+ —o0

(x+5)

_ [fath Funstie

W5 - tons
T parva! fio¢ : T
i “'; esolve the following fractions into pania] fractions
R fiiy. 232" 49c48
0 Genlx=1 = e i), _3x1
1 : x ‘28“#“
iv) _}:-— {v). —th e
G- B (v, 343042
v o
b 2
O 2 . sl (viiiy, 221 42 43¢
(Vi) 101 e (ix) +14
(x 3y
“Challenge X
3, Resolve the following fraction into partial fractions. M
(x+1)0x* 41y

If P(x) and Q(x) are two polynomials and Q(x) is non zero polynomial theg the
P - 2 A
fraction —— 1is called a rational fraction,
Q)
A rational fraction, Q{x) # 0 is a proper rational fraction , if the degree of numeratos
P(x) is less than the degree of denominator Q(x).
Pix)

Qlx)’
numerator P(x) is equal to or greater than the degree of denominator Q(x).

Splitting up a single ration al fraction into two or more rational fraction With single
factor in denominator, such a procedure is called partial fractions,

A rational fraction O(x)=0 is a improper rational fractivn, if the degree of

1x1=1

11x 11 =121 wnw!

111 x 111 = 12321 N\

1111 % 1111 = 1234321 7z
o

T % 11911 = 122454321

111111 x 111111 = 12345654321

1111111 x 1111111 = 1234567654321
11111111 x 11111111 = 123456787654321
111111111 x 111111111 = 12345678987654321




5 Sets ord Junctions .

o onto function (surjective function), .
o one-onc and onto fimctin (bijecrive functin)
P Examing whether agiven relation isa function PR
\Terentinte between one-one g R

- orrespondence and gne-, :
[nclwle sufficient exercise to clnnl‘yldiﬂ‘crcmizul °:':c o':ch :unﬁlm
Vttmm

_

perchaps the single most important concept i mar o
neart of the function concept is the idea ofa cm:pm:' = ; that of a function. At the
dences between two sets of objects nce between two sets of objects.

C Ty
example to each item in supermarket there msm: :;q:;““zn in every ;hy life, For
— price

T

WHY:

byN.Lw,ﬁ,o.PandQ-

[ 2 Remlld.l:scum gu(u.f\.\.---)

o o, : rties of unioa and intersection of two or
prope!
@ Give formal proos ofthe following fundumeata]
throe sets. ¢
Commtative property of wion,
Compatstive propesty of miersection, ¥
Associative property of unson,
ssociative property of intersection, )
lA)'mribuu'w progerty of union aver inlma:!?on.
Distributive property of intersection over usion.
O De Morpan's laws. ’
® Verify the fundamental properties foe givea sets.
@ Use Venn diagram to repeesent
o umion snd intersection of sets,
O complement of a sel.
@ sz Venn disgram to venify ‘
o commutative law for union and intersection of sets,
O De Mocgan's Law,

o0 000

Some important sets
N = Set of notural numbers = {1,2,3,,..)
W= Set of whole numbers = (0,1,2,3, ...}

O associative laws, & < . R =3
G Gleribugv lws. Uz Z=Sct of integers (0, £1,%2,..}
® Recognize ardered aies and Cartesian product \“ _—e y E = Set of even integers = (0, £2, 24, ...}
® Define binary refation and identify its domain aod range, 715 s
. Dcﬁ::ﬁmcdo:ndidmifyiud'zmin.co-duminm!nm e 1 O=Setofoddintegers = (+1,£3,£5,..)
® Demonstrate the following: ! P= : -
o e fekeioe, Set of prime numbers Nk el I | [
O ooc-coe function, »
O into and one-one function (injective function) Q= Set of rational numbers = {x|x=5, g 20Ap,geZ
q




LA e -
_ [EHE Opcration on sets
{(a) Union of two sets o
lMandBm;cmhmmionofsﬂAandecms:-so al
bolhAnndB.andilisdcaolcdbyAuB.lnsclbm orm,
AuB=fvjve dvye Hy
Example ] 1r  A=(1.2.3jand B=(3.4,5.6]
then AUB=~{L2.3) U {3.4,5.6)
l =(1,2.3,4,5,6]
(b) Intersection of 1wo sets

Unit 5 Sets and Junctigny ‘&

Iclemcmsinscmorinsauo,-m

1£A and B are two sets then intersection of set Aand sct B cons‘ists of all those elements which
are common fo both A and Band it is denated by AnB symbolical Iy.

AnBs{rlvedn xeB)
(¢) Disjoint sets
IfA and B are disjoint sets then

AnB=gy
Example B¥ Let  A={1.2,3,4,5),B=(3.4,5.6,7)
C=15.1.12), D=189,10)

Then

Unit 5 Sets ond funetions

Example If U={1,2,3

A=(3g 58
A=13.4,5) and p= K
i 4 (ii) ﬂ'° hﬂ'lﬁlkl

[~ Salution !

A'=NA '{1,2.3.4.5.6 \13
=26 A

BB =(1,2,3,4,5,6)1 ¢
= (L2.3.4,5,6)

v Excrcisesy

o IFA= {1,233, B= {0, 1) and C = [1,3, 4} then o

(i AwB (1), AnB
(v, AnC v Buce ::‘:: :uc
2. Find A VB and B A when J VA

M. A=1L357.,B= 13,4,5,6,7.8)
(. A= {0,142, 43} B= h-2,-3)
{hin) A=:l.2.3.4.,..|.8=||,3_5.7__“,
JHU=11L23, . 200,A=1246, .. 20)

ANnB={1,23,4,5) Nni3,4,567) =1{3,4,5)

B= 1155, .. 19l and C= ¢ 1}
and  BAC={3,4.5,6,7) N (5 11,12} =(5) : ’ # then find

z (1). A (). B' (). ¢ - . .
ANDELLARAN VA BT R M ANB i ANB i auc i, Ane
Clearly here A and D are disjoint sels. iV, CAC ), Buc 3
(d) Difference of two scts For . . 4. If U =set of natural numbers upto 15
OEYouGin fOEmatione X 3
IfA and B are two sets then their difference consists of all those and A = setof even numbers up to 13
elements of A which arc not in B and it is denoted by A\B or A~ | O¢0Re Boole (1815-1564) and B = sct of odd numbers up to 15
B. Insetbuilder f introduce a symbolic then find
-Insetbui orm approach to the study of i AUB i AAB g iv 3
A\B={xjxeArxeB) ogic. . A'UB i), nB (i), U v o
Example This allowed him to clarify (vh. BNAN i, Bup (vis),  AmA (viiil. AUB’

If A=1{5.6,7,8}, B=(7,8,9,10}
Then AB=(5,6,7,8}\(7,8,9, 10)

=15,6)
and
BlA=[7,8.9,10} \ {5,6,7. 8]
= 19,10}
{¢) Complement of 2 set

Ifu iuunlvaulwmd.\lsmbsetofUﬂlen UVAis called
oomplemcnlomemAundisdmotedbyA'orA‘i.c. A'=U\A

difficult logical problems
m symbolic forms based
on sels,

The algebra of sets having
union and intersection
as its basic operations
is known as Boolean
Algebra.

Today Boolean Algebra is
used widely as a tool to aid

sound reasoning,

BEEA Propertics of union and interseetion
(a1 Commutiative propery of union
IFA and B are any two sets then
AUB=BUA

ve AUB
= xeAor xeB
= xeBorxeA
= xeBuA

Hence AUBCBUA (i)

Proof  Let

Mathermanes X -



(b) Commutative property of intersection

Conversely
Let xeBUA
= xeBorxeA
= xeBor xeA
= xeAor reB
= xeAuB
Hence BUAg AVB
From(i) and (i), we have
AuB=BuUA
(¢) Associative property of union
If A, B and C are any three sets then
Au(BuUC)=(AuB)UC

Let xeAu(BuC)
= xeAor xe BUC
= xeAorxeBor xeC
= xe AuBorxeC
= xe(AuBLC
Hence  AU(BUCIc(AUBIUC
Conversely,
Let xe (AUB)UC
= reAuBorxeC
= xeAor xe£Bor xaC
= xeAor xe BUC
= xe Au(BuC)
Hence  (AuB)UCg AU(BUC)
From (i) and (i), it follows that
Au(BUC)=(A UB)UC

(d) Associative propesty of intersection
IfA, B and C are any three sets then
AN(BNC)=(ANnB)~C
Lt xe An(BNC)
= x€Aand xe BNC
= xeAand reBand xeC
= re AnBand xeC
= xe(ANB)NC
Hence AN(BNC)z(ANB)AC

Proef

Proof

B 73 25wt Y SN Unit S Sets end T —— ——— gl
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Conversely, S - P =]
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Let xe{AnB)AC

xe ArnBand xeC
xeAand xeBand xeC
xeAand xe BAC

xda An(BAC)
(i) Hence (Ar\B)nC;AA(BnC)
From (i) and (ii), it follows
AN(BAC)=(A AB)AC
(¢) Distributive property of union aver intersection
IfA, B and C are any three sets then :
AVBNC)=(AUB)~(AUQ)

Let xe AulBA QO

xeAorxe BAC

xeAorxeBand xeC

x€Aor xeBand xeAor xeC

xe AuBand xe AuC

xe(AUB)NAULO)

Hewe AVBNCIC(AUBIN(ALC) @

Conversely,

Let xe(AuBIN(AUQ

xe AuBand xe AuC

xeAorxeBand reAor xeC

xeAor xeBand xeC

xeAor xe BNC

xe Au(BnC)

Hence (AU BINAVCICAUBAO (i)
From (1) and (ii), it follows

Av(BNC)=AuB)NAWC)

$uul

(i)

Prool

bussy

(0]

(ii)

Luuyu

(1) Distabutive property of intessection ober union
IfA, B and C are any three sets thea

AN(BUC)=(AnB)UANC)
Prool

Let xe An(Bu(Q)

= xeAand xe BuUC
(i) : = xeAand xeBor xeC




= xeAmd:eBmchmdxeC
= reAnBorxe AnC
= re(ARBUANG
Hence An(BuC)c(Ar\B)u(AnC)
Conversely,
Lt xelAnBU(ANQ
xeAnBorxe AnC
reAand xeBor veAand xeC
xeAand xeBor xeC
xeAand xe BuC
xe An(BuC)
Henee (ARBYAHANCISANBLC)

From (i) and (i),

suybu

An(BUC ={ANB)UANCY

De Morgan's Laws

(2 IFU s wniversal set and A and B are any two subscts of U then;

tih (AUBi = A'NB (i) {AnBY=A"UB'

Proof

m

velAuB)

Ye AUB
xgAand xeB
xe Aand xe B
re ANEB
Hence (AUBY c A'nB
Conversely,

UUUU‘:

0]

re AnB'
XeEA'and xe B
s¢Aand x¢eB
r€AUB

= xe(AuBf
Hence A'mB'c(ALB)
From (i) and (i), it follows

(AUB) A AR

buu

(i)

Uit 5 Sets and 0.
¢ fuctisns - . Unit S Sets and functions
proof (i) Let xe(AnBy
= X¢eANnB
= x¢Aand xeh3
= xe/Norxep
= xe AUl
Hence (AnBYcAUR
Conversely
Let
=
=

(i)

(i)
re Aup’
xeANorxel
Xx¢Aand x¢B
= x¢ AnB

= xe(AnB
Hence A'VB c(AnBS (i)
From (i) and (ii), it follows (ANBf =A'up’
m Verification of fundamental properties of union and intersection
(a) Commutative property of union
ForanytwosetsAand B, AUB=BUA
I Example [{3]
L_.S,‘?."ﬁ‘ﬂ; If A= { l.2.3}
B= {4,5,6}. then
AUB= {123 Juf 456} ={1,2.3.4,5.6}
and  BUA={456 }u{123}={1,2,3,4,5.6}
Hence AUB=BuUA

(b) Commutative property of mtersection
Forany twosets Aand B, A B=BnA

[ Example [

i _ Solution = If A= {abe)

B= {b e d e} then

ANB ={a.b,c}n{b.c, d, e}
={b.c}

BAA ={b ¢ d ejrnfa b c}

={.c)

(it)

and




l K '
" ) As rty of union
E 3 NF:“:;;:‘:;M\. Band C, Au(BUC)=(A ubBuC

It Example
If A= {3.4.5}

B={567)
and  Cw {8,9,10}, theo prove that Au(BUC)=(AUB)UC

| R AU(BUC)={3, 4, S)u[{5. 6. 7}V {89 10}]
={3.4.5}u{5.6.7,8.9.10}
={3,4,5.6,7,8,9,10}

wd  (AuBlUC=[{3.4,5)u s, 6, 7] {89, 10}
«{3.4,5,6,7}{8.9,10}
={3,4.5,6,7,8,9,10}

Hence,
AU(BUC)=(AUB)LC

(d) Associative preperty of intersection
Forany three sets A, Band C, An(BNC)=(ANBINC

b Example
Ir A={1,23)
B={234}
and  C={3,4,5}, then prove that AnN(BAC) = (AN B)C
Salution -
ANBNC)={1,2,3}n[{2.3, 4}~ {3, 4, s3]
={,2,3)n{3,4}
-0
¥ and (AnB)NC=[{1,2,3}n{2,3, }]n {4, 5)
2 ? ={23}n{3.4,5)
e -0

L ARBAC)=(A NBIAC,

T Uik Sets ond funaiong

- [ 55418 AN puray Port -~y —— m
T L ) e RGOSy .
= @ pistributive property of unisn over lersection

For any three sets A, Band C,AU(BAC) = (4 UBIn(AUC)
p example ) Let A={1234)
B={567}
and  C={789},
then prove lhatAU(BhC)-(AUB)n(AUC)
L_SQ'!L'@';J |
AU(BNC)={1.2,3,4}u[ 5,6, Tn{1.8,9)]
={.2.3,4)u(n)
={.2.3,4,7}
and (AUB)N(AVC)=[{1. 2.3, 4)u(s,6, Wl 2340089
={1.2,3,4,5,6,7}n{1,2,3,4,7, 8,9}
={1,2,3,4,7)

Hence,
Au(BAC=(AuB)A(AUC)

(n pistributive property of interseetion over union
For any three sets A, Band CLAN(BUC) = (ANnB)u(ANC)
| Example 0] Let A= {a b.c}
B= {cd e}
and C={efg})
then prove that AN(BuUC)=(A nB)U(ANC).
. Solution |
An(BuC) = {a, b, c}n[{c. d,epole f, g}]
wfa b c}nfed e fi g} "
={c}
and (A BrA{ANC) = [{« bejnde.d, ¢}]U[{A beinde £, l)]
“{ehotf }
=fe}

Hence,
AnBUANC).

An(BuC)=(

S m M“‘“"{”S-




| Una 5 Sets onil funetion;

',i' () De Morgan's laws
ForuymnuuAnndBwhidlmmbscuofU soain <
) (AUB) = AnB and (i) (AnBY =AUB
[ Example {11
| Solutlon—; If U ={L.23.4,56}
A={2.3)
B ={3,4.5)
(M AuB={2.3}u{, 4,5}
={2,3,4,5}
(AUB) =U\(AUB)
(AUB) ={1.2,3,4,5.6)\{2.3,4,5}
(AuB) ={1.6} @)
alo  A'=U-A={1,2,3,4,56\{23}
={I,4,5,¢
and  B'=U-B={,2,3,4,560p.4,5)
={1.2,6} :
AnB'={1,4,56n{1,2,6
A'nB={1,6} (i
From (i) and (ii) it follows;
(AUB) =AM B
(in) Now
ANBa{2.3}n(3.4,5)
={3}

(ANBf =U~(AnB)
(AnB) ={1.2,3,4,5, 6h {3}

={.2.4,5,6)
wo  AUB'={1,4,5,6)u(1,2,6) (i)
=$.2,4,5,¢6 i
me(i)andﬁn. it followsf (Au n}:A'nB’ v

2 /w‘ 5 Sets.

and Junctions: d

*  Exercise5;
S ——————

ify commutative property of union and intersecy;
|,WTI) A=02 3 s I2},B=[2.4,s,n‘|o.|°;;r“
i A=N B=(x|lreNa
iy, A= Sct of first ten prime nunibers,
B3 = Set of first ten composite numbers.

the folkmia‘ sets.

X is an cven integer)

2, Verify associative propertics of union and interscetion
e A {a, b, e z)
B=lacei,0u}
C={a,d, i1, mn, o)
). A=11.2....100)
B=1{2,4,6,.... 100}
C={1,3,5 «...ic 99)

for the following sets.

3. Verify distributive properties of union over intersection and intersection over union
@ A=1{0,12]
B={0)
C=o
iy, A= {0.11,£2, £3, 44 15)
B={-1,-2, -3, 4, -5}
C={-1,-2, +3,+4}

4. Verify De Morgan's laws for the following sets.
1 U= {x|xeNal<x<20}

A=1(2,3,57,11,12, 13,17}
B={1,4,68, 10, 14,17, 18}

GV IE U={1,2,3,.... 10}
A={2,4,6,8,10}
B-11,3,57 9

m Venn diagrams

A Vean diagram is a visunl way to show the relationships among or between sets that share
something in common. Usually, the Venn diagram consists of two or more overlapping
circles, with each circle representing a set of elements, or members and universal set is
represented by u rectangle. If two circles overlap, the members in the overlap belong to both
sets; ifthree circles overlap, the members in the overlap belong toall three sets.




Eh Esample {8 Drw

(1l AandB are overlapping sets. (vl

PITTT N ey

_. “Unit 5 Sets eod fumetis

Venn dnu;nmsfocAuB A B A/B and B/A when;

Solutlon Venn diagrams of usion.
(i} When A and B are overlapping sc1s.

Aand B are disjoint scts, (i) Acn,

(i) When A and B are disjoint seis.

(ti1) When ASB

u

[B1Y Veon diaprams el intersection )

(i) When A and B are overfapping sets.

(1) When A and B are disjoint sets,

idD

AnB

(iiyWhen ACH

D ki

00

AnB

u'

AnB

QT FOR SALE

55.uv' a

= pate 21 m"g .& <3
L —

when A and B arc overlapping sets,

(b).

|

L \\\‘d

whmAmed" i sete

) ¢ !
D] @O
A\B 3

When A < B.
A\B
o CEEITITY,
Abaplriee S,
When A and B are overlapping scts, When A and B are disjoints sets.

&

)| () W

When A < B.

‘ Llu......m" |

B\A
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v By and (AD n.

[}

When A and B sre overlapping sets i B IfA and

Venn diagrams of complement sets ALBLLS

B arc any two scts then
(AUBY =ANB

(i) (AnBY = Ay

& ' \\\ et \ \\“\\‘\ ‘

(Au B) =U\(A UB) (AnB) =W\A NB) ‘ Where U is universal set and A and B are overlapping sets of U, Here AUB
(3% Venn diagrams of upion and intersection of three setx is white partand (A« BY is shaded part.
It Example [EJ IfA, B and C are any three sets then draw Venn diagrams of AL(BuC), Venn diagrams of A' B’
_ (AABINC, Au(BAC) and An(BUC)
_ Solutlon -,
(1) Aul(BUC) (i) {AnB)AC
v u
Au(BLO) (AnB)AC
(i) AU(BNC) (vi) An{BUC) i In Fig. 2,
v u ‘ A' = UNA is represent by vertical lines.
B = U\B s represent by horizontal lines.
R . .
x . %‘ Therefore, A'AB' is reprosented by 7] Tines i.e. horizontal and vertical lines
cross cach other as shown in figure,




Y e R e
grhid lon of fandamental propertics with the help of v, =
\ A=1(1,2.3,4  dagram
N|P|e|m If (1,2,3,4)
BX B=(3,4,5,6)
[ C=(3,4,7,8
verify the following with the help of Ve dingrams.
(1 > . AB=BnA
(il Au(BUC)=(AUB)LC (iv) ANBAO (AnE)
s Ay(BnC):(AnB)r\( AuC) {vi) “"‘BUC)=(Ans):&,\C
Faaton. | ’
0 AuB={1,2,3,40{3,4,56)
={1,2,3,4,5,6}
amd BUA= {3.4.5,6}{1,2,3,4}
={1,2,3,4,5,6}

Venn diagrams are

Hence from Fig. 1 and Fig, 2, we se¢ that
Venn diagram of (AN

(AnB)  (Fig.3)

I this figure shaded area represeats (A B)
Venn diagrams of A'UB’

T, = i
A UB (Fig.a) B UA(Fig. b)
|t is clear from Fig. (a) and Fig. (b), that both regions representing AUB and BUA are
are identical therefore
AwB=BUA

ANuB (Fig. 4)
i B={l,2 3,4}{3,4,56} =134
In Fig. 4, (i) AnB={ Heg }=13.4)
A’ is represented by vertical lines and BnA={3,4,56}n{.2 3,4} ={3,4) !
1 A
B’ is represented by borizontal lines A B .
2 f
While A'UB is represented by citber lines. % i ﬁ)“
Hence  From fig 3 and fig 4, we see that £ d
AnB (Fig.») B A(Fig.b)
ting AnBand B Aare

Itis clear from Fig. (@) and Fig. (b) that both regions represen

are identical. Therefore,
AnB=BNA
i . P

(AnB)=AUB




By~ W v
W AuBUO={L2 3 u[p s s U P AT 8}]
-{l,z.s.J}v{u.s.o.?.s}
={.2.3.4.56.7.8}
and (Aumucz[(u.z.;.4}u{s.4.5.e}]u{3.
w{t.2.3.4,5,6)u{3.4.7. s}

={1,2.3.4,5.6,7.8}

4,7,8}

Au(BuC) (Fig.a)

InFig. (@) A is represented by vertical lines and B uC represented by horizontal lincs.
The region which is lined either in one or both ways represented AL ( BUC). In Fig. (b)
AUB s represented by vertical lines and C is represented by horizontal lines. The region
which is lined cither in one or both ways represents A (B wC), 1tis clear from Fig. (a) and
Fig. (b) both the regions representing AL(BUC) and (AL B)UC are identical. Therefore,
Au(BuC)=(AuB)uLC
) AnBACH={I, 2.3, 4}n[{3.4.5 6} {5, 4,7.8}]
={1,2.3,4)n{3.4} ={3.4)
Similarly, (AnB)NC= {3, 4}

{(AuB)C (Fig b)

ANBNC)  (Figa) (AnB)NC  (Figh)

It is clear from fig, : :
(Anmhc”m::: and ﬁx(b) that both regions WmmmgAf\(Br\C)and
Therefore, AN(BAC)=(ANB)AC,

7 = — p—
' UnitS Sets and functiony w:,s«undmm. -
®  AVENO=0234000p 456

5
— )
T vy
O i
i 8
11

nBa )

={1,2,3, Jufs, 4)
={1,2.3,4}
(AuB)N(AUC)=[{1, 2,3, aJup, 4,5, 630 2.3, 4Jufs, 4,7 #)

={l,2, 3,4,5.6}n{|,2.3.4.7.s;
={1,2,3,4}

ABANC)  (Figa) (AUB)A(ALC) (Fig.h)
It is clear from Fig. (3) and Fig. (b) that both fegions representing AU(BAC) and

(AuB) (AW C) are identical,

vi)  ANBUCI={1,2,3,4}n[,4,5,6}uf, 4,7, 8)]
={.2,3,4}n{3,4,5,6,7,8}
«{3,4}

(ANBIUANC)=[{1. 2.3, 4}~ {3, 4,5, 6]]U[{1.2,3, 8} (3.4,7.8))
“{3.4}u13,4)
=43.4}

@

(AnB)UIANC) (Figh)

An(BUQ) (Fig.a)
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B = 2 — — o = ““mmlen

g"" o Pl i S D Ll e e = {234 TN {4,5,6,7)= (s
" . R e > (\ﬂ“'ﬁa ER LR R " v By -{ v

§ Example @ f U= (L2.3.4.56.7)
A= (2,5,6} and 8-{!.2.3}

"'“:::”“'::“;dbg'::’ f“:\nll (i) A (v BY V) (AU BY
(vi) A'AB’ (v (AABY (viii) A'UB
Hence verify De Morgan's laws.
“Sotetion,
uB={2.5.6)u{. i AnB={2.56}n{.2.3}
m A ":{{12::,5:; 2,3} (i A ={2} i) (AnBf =UANB={1,2,3,4, 5,6, 70 (2}={1,3,4,5.6,7)
; 7
6 /
\/ i /
AuB ArB /A
(i) A=A ={1,2,3,4.5.6,T)\{2,5.6} (V) B'=UB={1,2,3,4,567\{1.2,3 St
={l.3.4,7} ‘{4.5.6.7}
\\ \\ (vidi) A'UB'={L 3,4, 7}u {4_ 5, 6_7}. {1.3' 4.5, 6,7}
\\ \ / 7
\\ \ /// (// 'y )
: | i
A = ' . /
() (AUBY =V LB ={1,2,3,4,5,6,7)1{1,2,3,5,6}={4,7) . /l, / /;
A'UB

From (v) and (vi), it is proved that
(AUBf =A'NB’
ond from (vi) and (viii), it is proved that

(AnB) =A'UB’




—

LIF A=(1, 2,345 ad B~ l'-'.rJI.:.?!-

. i the following.

lhc!: :ln::cnm diagrams for the AR

& - .

2IfA=(1.2.3.4,5.6],B={3.4.56.7. 8} and C= {5.6.9. 10}

then verify with the help of Venn diagrams.
(). AuiBUC)=(AUB)LC

(i), AUBAC)=(AUBIAALC) (M) AnBUC)=(ANB)U(AnC)
LAU=11,2,3,4,567)A={1.2.3.4} and B={3. 4.5} :
Draw Venn diagrams for A} B A'UB. AN B’ and “Bor"‘;fy “;.l
: S ABY = AU
il (AuBY=ANE (AN .
4 m:n-qu b c’l." 3,4}, A=1{c3) and B~ | a.3.4) then draw Venn diagrams for
A, B A\B and BUA.

SIfU=fa.b.c d e, gl A= [ b c)and B= (¢ d, ¢} then verify De Morgan's Jaws
with the belp of Venn diagrams.

(i} ANBNC)=(AnB)AC

Ordered pairs and Cartesian product
Ordered Pairs

An ordered pair (a, b) consists of two elements “a™ and “b" m which “a™ is the first element
and " is the second element.

The ordered pairs (a, b) and (¢, d) are equal if, and only if,a = cand b = d.
Note that (a, b)and (b, aj are not equal unlessa =b,
Example Find x and y given (2v, v+ y) = (6, 2)
““Solution_ | Two ardered pairs are equal if and only if the correspanding components are
equal. Hence, we obtain the cquations:
e=6 ...
andx+y=2 i)

Solving equation (i) we get x = 3 and when substituted in (ii) we get y = 1.
Cartesian Product Of Two Sets
The Cantesian product of A and B, denoted A » B (read
pairs{a,b), whereaisinAandbisin B.

Symbolically:
Remarks:

() AxB=BxA for non

“Across B”) is the set of all ordered
AxB={(a,b)lac Aandbe B)

~empty and unequal sets Aand B (i) A x §= ¢ x A=¢

) = - I g ond
" b**- T T L ’-wkss«;mq‘.,gwr o=
&I- ERRIRP L e

Jumlam

pinary Relation:

LA
\\W (ﬂ.b

w‘ nd B be seis. A (binary) relation R from
= B.
(ol"\)ek_wcsaynisrc!amltobbyk,wﬁmnnkb_

ise if (2, DYE R, we write a (b,

i 1A= (o, b} and B= {1, 2) theq
AxB= ila,1),(a,2), (8,1),, 2y,

! gxample

n.
iH_slo_lyk_*!‘_.

givﬂlbek’w'
R=9 R.=Ha 1))
Ry=(a,2)} Ry={(b, 1))
R = 1(0,2)}

R, ={{a, 1.(b, 1)
R, = {(a, 2)(b, 1))
R, = (5. 1.5, 2))

R,=(
Ry=U

a, 1).(8, (b, 2))
a, 2).(b, 1),(b, 2)}

AtoBigy

; Numberof clements inA x B =7 » 2=4
Number of all possible subsets of
AxB=2'=6
-ce every subsetof Ax Bisa pinary relation from A 1o
g’,ﬁbcmmm here we have 16 binary relations which are

R, = {{a, 1),(a, 2)
Ry = ({a, 1)(5, 2))
R, =(a,2),(b,2)
R, ={(a. (a4, 2),(5,1))
Ri=a, ) (a 2),(b, 2)}
By = Wa 1),(a. 2),08, 1), (b, 2))

s occur §
many comtexts. gy, 3

We deal with relaticayh;
e caships

ATy, 3 person
andarelative, and s 0, 1n

mathematics we study
relationships such as those
between a positive Isteger
and one that itdivides,

2 real number and ome that
is larger than it, 3 real
namber x and the value

%) where fis a finction,
andwan,

O\‘
IMset Akas m elements and

setB has o elements then A
Bhasm nelements,

Similarly, toal number of binary relation in B x A=2"'= 16

I Example

_ Selution
Let

iE vetA=11,23

B=11,213}

Then A = B = ({1, 1), (1.2), (1, 3), (2, 1),(2,2), (2, 3))
Write any five relations from A 10 B.

Ri={(1,1), 41, 3),(2,2)}
Ry={(1, 2), (2. 1), (2. 2), (2. 30}
Ry=1(1, 1)}

Ri=AxB

R9=®

All being subsets of A x 1 are relations from A to B,
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| - " _Exercise 5
Domain Of A Relation ¥
The domain of  relstion R from A 10 B is the st of all first clements of the ordered Pairy IFA™ (1.2.3h B=(4,5) then
which belong to R denoted Dom(R)- 1- 7). Write three binary relations from A 1o g
Symbolically: Dom (R)= {8 cAl (a.b) €R} i), Write four binary relations from B o A
Range OF A Relation (i) Write four bf"‘"" relations on A, )
The range of a relation R from Ato B is the setof all second clements of the ordered pajp, (iv) Writc two binary relations on B,
which belong to R denoted Ran(R)- g A= (1,23 4. 8= 11.3.5) and R = {(x,5) [y <x}is a b
Symbolically: Range(R)= (be BXab) e R} (hen write itin abular form, 152 binary refarion fomAwE

3, Domain ofa bi'nary uluii'on R={x, p)ly =2x}is the i
4 Domain of a binary relation R = ((x, Mysla2e) is 4, 8}, find Range of g,

i Example [[f) Let A= (1.2}, B= {1,2,3}.
mN.Findiurnng;,

Define a binary relation R from Ato B as follows:
R={(nb)cAxB|a<b}
fe Functions

(1) Find the oedered pairs in R.
(i) Find the Domain and Range of R. LetAand Bare two non-empty sets, then a binary relation fis ssidto be o R
fomAtB

i) Is 1IR3, 2R2? if
= @ Domf=A
Solutlon . Given A= {12}, B={1,2,3}. should be ition i
AxBo (LI (12 (13), 1) 22, 2.9} © Thereshouldbenarepetitiontn the fist lemet of il rdered pairy contseding.
(i) ;‘R: :8-;’) 7]"‘3 ;‘ (B’!;; b Symbolically, we write it as
; NS S:A—> B
m;) ls)::e(l(l]);(e 1;:1‘a u:dmkme(m = (2.3} and say fis function from A to B.
(i
But (2, 2) R $0 2 is not refated with 2,

Arrow Diagram Of A Relation
Let

A={12,3),B={xy} and
R= {Ly), (2x), (2), (3.5)}
be a relation from A to B.

The arrow diagram of R 5:




i e
ety et
- RES—
£

L Example H)

Ira={1,2,3% lndB-!a.Ac.dIlhrﬂ“‘
fi= WL aki2 b))
fo (1.0} (2. 010 @ dl
fr= (01, )02 (el
fa= (01,00 (2.0).0 d))

S'I"hw . .
The given relatioas are shown in the following diagrams.

hich of the following are Runctions?

A 1 B
A £ 8

A £ B A
/i is pot a function because Dom £, = {1, 2} # A i.e. it does not satisfy the first condition of

being a function, £, is also not a function because second condition of being a function is not

satisfied i ¢, first element 2 € A of ordered pairs contained in f. s repeated. £ is a function
because

() Domf,={1,23)=A ’
(11) There is no repetition in the first element of all
ordered pairs coataimed in fi. 1t can be written as
fi:A—B
£, is a function because
(i) Domf,={1,2,3)=A

(i) There is 00 repetition in the first element of all
m'duvdmconninedinﬁ.llcanbcwrincnn

Arelation is any pairing of
set of inputs with a set of
outputs. Every function is
relation, but not cvery
relation is a function. A
relation is a function if for
every input there is exactly

, Tond fonctiont 5 ",“-"j_J .m
M pomain, Co-domain and Range o , finction m

Unit 5 Sets and ,.,,,“,.%

pea function, then the set A 5 called R L
el p:,irs contained inf). ol
peotde % co-domainoffand the set o secon
e :',,,,;cof"“ function. Range is always g
all
G A=[1,2,3) and B= 1,2,3,4
P Lel «4.5,6)

S A—> B as shown inl!wfollowingdhmm ;
A S |

‘/"(ouclurﬁmc‘n:nuo(
dekmcnlsoml Pairy Liney
mbggtol'w-dom:in.i.e.kang:ln:a )

is dingram, the set Ais domain, the set B is
z&z of Bisrange of the functionf,

m Kinds of a function
m[lﬁi'ﬁxu'cdon
Letf be a function from A to B. then £ is into function if
It can be written as
[ A" B

co-domlinmdlhum {2,4,6) whichisa

Rangef =g

Exsmple: s
LetA= {1,2,3} and B= (@, b, c} then a function f fram A to B is defined by
=1 a),2.a), (3. b))
The following figure illustrates the function f,

A S B

\_L—

We see that £is into lunction because
Range f = {a,b} B




Sets o ’un(ﬂaﬂ

onto function (surjective I’uncnm.)

gy
k"-" mo-nnl’nmﬂa

Unit 5 Sets oo\dju'\qlom ia d U"‘ ;
Yo

. F NAE function from Ao B, then £ i ony i
ction, il there is porepetition in the Sccon, Wf beo -0 0 function i
e et R n'mr:lz‘mirsu:mms that clement of the domain seq o il: 5 mn:f\{rric:cn as
SenRet DO oriceon yascs mm]m cntof the set B. Itcanbe writien as: Jtcan be e
associated with one and only one elem ik Ji
one-onc . —
— f: A—B One-onc and onto function (bijeetiye fype thos);
"tk ion from A to B, the
W T w,.lo:::n:ih;‘::;o" : adls °"°'°"°mdonw(bijecm=)rmn-f- is
= 2, b (3, . . it
'ﬂ{c renl;(‘:-l;';.k (n . (ill;::’:ncs 1he function /. on ) O T boty
g figure b f: pbeave
' gxample: I —
A=(3,45)a = 14, ¢ h) then a fupetj :
‘ sl = 1(3,d),(4,¢),(5, b)) onf from Ao B is define by

The following figure illustrates /.

A f
From figure it is clear that £ is one ~ one function. ' :
Into and enc-one function (Injective function) '
Let [be a function from A to B, then fis into one-one or injective function, if
() Range /=B ] ‘
(1) There is no repetition in the second element of all ordered pairs contained in /.
Tt can be written as

Injective

f: A——3B Here we sce that f is onto ﬁmc_tion 1
Example: Range /= {d,¢,h} =B
IfA=1{1.2.3} and B = (, b, d} and f is a function from A to B defined by, [ is one — one function because for cach xe 4 there is unique ye 8,
S=1(1,0),(2,b),(3,¢)) For 3e A there is unique d €8
The follawing figure illustrates f; For 4 € A there 15 unique ea 8
A f B For S € A there is unique he B
N ' Hence [ is bijective function.
' . Difference between one ~ one correspondence and one — one function
. | IfAand B are two non-emply scts then a rule for which each element of A is paired with ane

andonly one element of B and each element of B is paired with ooe and oaly coe element of A

iscalled one-one correspondence.
Here we sce that is injective function because
(i) Rangef={a,b,c}#B — —
(i} There is no repetition in the second element of all ordered pairs contained in f Ifthe two sets ace finite and i Fthere exists a one-one comespondence between thean, they have the

same mumber of elements.
Mathermatics x“




lowing two examples.

The difference is clear from the fol
Example
LetA= (1,2, 3.4} andB= {a. b, ¢, d) then a onc-one
comespandence is given by . o
11, a), (2. ). (3, ¢). (4, d)) as shown in the following figure.

\ /
| |

/

1n ane - ane function every element of the set A is associated with one and only one element
" ofsct B. This means that Range fmay not be equal toset B.

Example

C={1,2,3} and D= (g, b,¢,4d)
then /= {(1, a), (2, b), (3, ¢)} is one — ope functivn, as shown in the following figure,

[ ! D
N7
\ {
/ \

From figure, it is cleas that there does not exist one — one comrespondence between sets C
and Dbecause de D is uspaired,

o d:mb"'u:xl\{(l:: 3)#£(a) + £ (3). Funstion notation is not to be confused with the

(b) Note that £ () # - x*
maltiplicatipn. 4

" UNES Se1y and fancrigny o ﬂl

"‘s“&-_llﬁd ’u : -4 .‘ 7 e

' Exercisess
e s ¥

{1 2,3,4) and B = {6,7) and the fo
1 h‘c iher these are functions or not?
W

If these are functions then state whi
R = {(1,6),(2,7),(3, 6))

Ry = {(1,6),(2,6),(3,7), (4, 7))
Ry= {(1,6),(2,6),(3,6), (4, 6))

Hlowing are g,
© relations from
Ay then ¢
. tate

ich king of fanctions i

@ (a0 (c,d) (b, d), (d b)) (i) (), (e,
(i), {(d, ) (e, b), (2,b), (4, &)} (i), (6, by g, c:: (a.5), (d, a))

¥ (e, b), (d, s}
A= (0, |'2.3} andB= (X,Y-Z-P) thensmewlmbcrf lowin
3 :; « one - one correspondence between the elmmof:;Am::lﬁm“b”““‘“‘m
: gvercasons,

(i) {(0, x)(2,2), (3‘ v (l, P” (3i). Ko. x), (I, 2),(2, .0 7

1fA={a,b,c} and B = {2, 3, 4, 5} then state, whey :
4 there exists one - one corespondence between the d:‘:cg‘; :?lhvnng el hat
of the relations they are? e And B, ifnot what king

(i) (@ 2), (b, 3),(c, 4)) (i), {(a,3), (b, 4), (¢, 3y}
s 1X={1,2,3,4} and Y = (5, 6,7, §} then write

(i). afunctionfromXtoY.

(ii). aone-one function from XtwoY.

(i), a relation which shows that there exist one - one correspondence between X adY
(iv). afunction whichisonto fromYto X,

(v). bijective function from Y to X.

{vi). afunction from X to Y which is neither one- one norono.

6. Let4={1,2,3.4,5}. Check whether the following sets are functions on A, In case these are
functions, indicate their ranges. Which function s onto.

(0 (1, 3),(2,3),(3,3),(4,2),(5, )} i) (1 1),(2,4), (3.2), (4, 1L (5, 30)

(i 40, 2), (2, 1, (3, 1), (4, 4), (5. 5))




Unit 5 Sets ond Juncrinn,

are given. Fill in the correct circle only.

= (4.5) and R = {(1, 4.2, ). Q. 4)) then R ix

1. At the end of each question, foer circles

IfA={1,2,3,L8

" onc-ooe finction A function from A to A

o8 function fmahen 8 An onto function from A to B

o , .
i 3ANl:s‘:hodm¢mmd B mnnmdcmmts.tlmmmbcfof binary relations in

o

AxBi ’ ;

o ’x‘; o? o 02
" sjoint sets?

ing i fdi

_ Which one of the following isan example 0
o © {0.1,2,3} and {3.2,1,0} O (0,24.6} and {2,4.6.8!4 e
O {0,3,6,9) and {9,16,25.36} O (0,4,8,12) and (6,10,14,18}

) lﬂheuni\usnlsctu={xtxisaposiliwoddfmcgcrlcstsdnnJO).RﬂI.s,‘;;_md
S-ll.3.7.II.IJ].hwnmydemenumm(RnS)?
o1 013 o7 02

(v) 1ffisa function from Ato B, then fis onto function if

O Range/=B O Ranpefw A O Dom f=A
O second element of all ordered pairs contained in fis not repeated.
(vi). IfR={(0,0),(8,2),(10,3),(14,12)}, then Dom R =
O {0,8,10,14} 0 {0.2,3,12} O {8,104)
U= { Natural numbers upto 100}
A= {positive even numbers up to 100}
B = (positive odd sumbers up to 100}
Then find.
i A'vB' () A'nB’ ). AnB

3. HA=(1,2,3,5,7},B~(2,4,6},C={2,5,9} then verify.
(1), Associative property of union
(n) Associative property of intersection
(111, Distributive property of union over intersection.
(1) Distributive property of union over union.
4.0F U= {rjxeNal<rs40}
A={1,6,11,16,21,26,31)
B=(2,58,11,14,17,20,23, 26,29, 32}
then verify De. Morgan's laws,

O {0,10}
21f

in). A'NB

p——
» } ,,«-u,,', & Sets and Junctions

!

aif U=1L2.3,567)
| 7 A-(se
[ B={12 3}
l Then verily De-Morgan's laws wi
ar U=(L2,..10)

&5 Am{12.3,4)
B={3456}
C=(3.4,7,8)

Then verify distributive laws With the he

T.Let A={-2-1,0,1,2} B = {u.b,cn&,.

function. In case of a function, meng;

function,
(0. (€28, ¢4, 2), 0,8), (1, 0), 3, gy
Lok (1,e))

i), (2, @), (0, a), (-2, b, (-

S_MA-(I.ZJ-“--")-C"“"“"W"W
functions, indicate their ranges, Which
(0 (L3, (2,3).(3, 3), (a, 2)(5, 1y)
(i, {1 2), 2, 1),(3, 1), (4, (5.5
o0.1f x:{—6,-5.—4, -3)
Y={1.2,3,4) thenwrite

(i)

this function are switched, the

are switch,

" 1h¢ help or ey — |

Dcscm,
on

l!ionmn o
)

Aone - one function from X
(iii). A function which is ope — onetoaz:g ol
(iv}. A function from X to Y which is neit:

(=2, 5).(~1,0),(0, 1), ang @.5) i; i
rel

Of Venn diagram,
ing Wﬁicb
-ane ﬁlnni::'u of orderey PRIF represens .

ONto function and bijective

one.

2 o) (=
2,1,y o 1 2.0
WIng sets are funce:

G, (1 2,4
_ P RAGA3,2), (4,1, (s
(I\)-((l.zl.fl. 041,49, 0 5))( 7

(i} Onto funcyioy g &
0 from X 1y omXtoy,

7 00¢ — one nor onto,
on. IF the -

ation th Values and yvafies of

example of a funct; St At results is nop i
sy 100 that will sti]] be o function afunction Provige yn

i the xevalyes and yyalycs

) S |

(z2) ' (23)




i',’_'j' !
o

Z : 15t jects, sets are represented by eapi
© i ottt ot S T
© ::‘T::::r:t:;wz then unton of set Aand set B consists ofall elementsin set A or i
set B orin both Aand B, and it is denoted by AUB. Symbolically.
AuB={x|xedor xcB)
0 IfA und B are two sets, then intersection ?ffcm
which arc common to both A and B, and itis
AnB={x]xacAor xeB)}
© TwosctsAand Bare disjointif 4 " B=0.
0 11U is universal set and A is subset of U, then U\ A is called complement of set A and i

and set B consists of all those elemengy
"by/‘na.s)" LW 1 ny

denoted by A'oeA".
© 1rAand Barc two scts, then their difference of all those ¢} of Awhich are
notin B, and itis denoted by A\ B or A~ B symbolically,
A\B=|x|xeAor xeB}
o For any two sets A and B,
" AuB=8ud ® AN B= BnA
= ANBAC)=(ANBINC

® Au(BUC)=(AuB)LC
" AU(BAC)=(AVB)~(AUC) 8 AN(BUC)=(AABIIHANC)
®«(AUB) » AnB'and (AN B) = AUB
Concept of sets Le. union, intersection, complement, difference of sets, can be explained
casily with the help of Venn diagrams. In these diagrams, u set is usually represented by
acircle ond universal st is represented by arectangle,

° (a,b)is called ordered pair of two elements @ and b of a set or of different sets, where »
is the first elemnent and b is the sccond element,

; (a, b)=(b, a)

o IfA and B arc two noa- emply sets then A = B is called Cartesian product, which is set
of all ordered pairs such that the first clement of each ordered pair bedongs to set A and
sccond clement of each ordered pair belongs tosct B symbolically.

®AxB={(x,y)xeAondy € B} wIfA#B, then AxB2BxA

° Any subsetof A x Biscalled binary relation, where A nnd B are two non-cmply scts.
IfR is binary relation from sct A toset B, f.e, R = {lxy)lxeAAy € B), then domain of R
s sct of first clements of all erdered pairs in R and is denoted by “Dom R". Range of R is
sctof second elements of all ordered pairs in R, and is denoted by “Range R™.

~—~—

- WS Sets ond [unu%}i ___.‘u",'&ﬁ 5 Sctt uﬂa [W(llm 7%

® 09 © eo©

11 A and BB are two non-cmpty sets, then a bina
10B,if

® Domf=A

s There should be no repetition in the first clements of )l ordered paj : “

£ Symbolically f: A—» B, Pains contained jn |

Letf: A— B bea function, then set A is called domain of £, set B is called
of fand the set of sccond clements of all ordered pairs contained in fis called‘:::?:;
Therange is subset of co-domaini.c. Range /< B, g
Let fbea function from A to B, then £is into function, if Range /= B,
Let fbe a finction from A to B, then fis one-one function, if for cach xe A there exist
unique yeB, ic. there is no repetition in the second clement of all ordered pairs
contained in f.
Letfbea function from A to B, then fisinjective (into and one-one) function if

(i). Range/=B
(it). There is no repetition in the second elements of all ordered pairs contained inf.

Letfbea function from A to B, then fis onto function ifRange /=B.

Let fbe function from Ato B, then fis one-one and onto (bijective) function ifitis both
one-one and onto.

If A and B are two non-empty sets then onc-one correspondence between A and B is a
rule for which each element of set A is paired with one and only one element of B and
cach element of B is poired with one and only one clement of A, and none of the
members of any sct remaing unpaired. It is also known as one-to-one function. In one-
one correspondence both sets A and B have same number of elements.

ry relation fis saig Tobey ('nmiunl'mnA

that is

Cartesian Product?

AxB

g ©

A B
g |

X —
g a

.
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is unit the students will beableto

Constructa growped frequency table.

Construct histograms with equal and unequal cl

Construct a frequency polygan;

Construct 2 cumulative frequency table.

Drawa curmulative ﬁwue:rzpolnou;&n ;

late (for grouped

Cdc: ..:mmfmw definition and using deviation from assumed mean,
o median, mode, geometric mean, harmonic mean.

Recognize the properties of arithmetic mean;

Calculate weighted mean and moving averages.

Estimate median, quastiles and mode gnp!xi@lty

Measure range, vari TR LT

Why it's lmporum,o

ts
g:‘y?u"\\:::“hc:e weather forecast sometime during the day? How do you use that

b 7 These
i 7 Have you cver heard the forecaster talk about weather mod;{s, .
ml‘nrmauoth .:Z built using statistics that compare pros weather conditions with

ass intervals;

Activity ,#

P . .
atistics is the scicnce of collecting, . : .
:mclusinns Or AnSWer questions, [);g MTINGINg, analyziy .

ey bl shows e

amounts of data can be orgnniz:;e Meces of information, wzmi:' n::h 10 draw |

frequency taple x

ramberofpieces of data that fall within givc: mierval,
s,

im
Jwne 2017

2n Monthly Users

\

158

Scooters Riding is a fun o get exercise
shows prices for 35 types of nonm, moﬁ"";'ro::le N
found at an online store. 3
{i). What is the cost of the least expensi

the most expensive scooter? T ol
(i), How many scooters cost $51 10 §757
(iii). How could you reorganize the prices so that

—

they are easier 1o find and read?
The scale allows you| i R
80 recand all of lh‘:[ i DO Tally Marks Frequency —

daza, 1 Includes chei 1—25 111 4

least vabee, 11, and!__ e 20—

the greatost value, | 51— 3(5] Lmuﬂ W 1
7

100, The scale is | 10

100. %6—100 L1 111N 13
[The mterval sn_'x.lm—n! ’ LTalIynwh;um
the scale into equal} wsed 0o 1ecced ilems ina
| parts. The mtervalis 25, | poup

:";';‘ Il()h; frequency table, you can see that just over half the scooters cost between §51




- BB Frequency Distribution
: SR ical method 1o oTganize and simplify a large sel ofdata

The grouped frequency table isa stati
ko pemaites - 0P out how often cach value occurred

The main purpose of the gmupcd frequency tableisto find
within cach group of the eatire dasa.

Construction of Grouped Frequency Table
qpriccts ) = | The study of statistics

(i) Discrete data (1) Continuous data began whea an English
Thus accordingly there are two ypes of frequency table. m,:,. Joha Graust (1620

() Construction of Discrete Frequency Table |514)¢ouxwdn9d;m¢.¢d

Steps of construction: the dcnﬂ{: r;cno;l& in "v:mm

(i), Findthe minimum and maximum value in the dat2 and 2;‘:: o by J"!‘P-'m:l:\:

;vrhe ll!: .vnlucs l:'l;‘ tlh: u::'nmablc in the variable column he f':”dun 3 in e ::olc

rom minimum ; : ; ati g b
marks (verticalbars ). |Pors tod R T

"v@ﬁ:ﬁc statisthes
: o coneepls

(if). Recordthe values by using talfy

(iii). Completethe frequency columa by using tally marks.

Example [} inashoe store 40 customers bought shoes with following shoe size.
6,6,7,6,8.7,7,8,6,10,6, 8,8,10,7,9.7, 10,6,10,10,9,7 9,6, 10,10,7,11,8,8,7,6,6 8§
9,7,8.7.9. Construct a frequency table of the data.

[~Snution ;_ Let x = shoe size.

x Tally Marks Frequencics (f)

6 L 9

7 5l 10

8 L L 8

9 Ll 4

SEEREAl0: e 8

11 | 1

Construction of Continuous Frequency Table
Steps of construction:
(i), FindRange: Deduct lowest value from the highest valoe,
(if). Determine the number of groups (k). Most of the data has between 5 to 15 groups, It
is your decision to choose the nusmber of groups for your data. Number of classes
must be balanced that is not too large or nbt oo small.
(iii), Determine the width (number of values per group) of group interval by dividing
Rangebyk.
(iv). Create three columns titled “Groups." "Tally Marks.* And"Frequency.”
(v). [Insertthedatainthetable,
(vi). Determine the frequencies forall the g

by tallying the data.

e

It
s 1] Llﬂl“’

class hios two limits, the upper-clasg i
s« timit. Foreach, class the two limits r::;'::' 30d the oy

¢ h
id-point of each class fall y fixed gye
he i ot S on an integer rag ‘htha;

e feach
The mid-point of cac class is calculated by the formuy,

Mid-point = Lower limis + U i
w
3 it

—

Forexample ifina data the lowest value js 3 i
make beclisscsas3 —7.8— 12, “13_) '&shemaxmm'mmmc
clissis an integer, The mid-points usuallydmoul;y m‘ + because the mig. better way g

(Class Width are called the cJygg m.f::ﬂt of each
be class width is the difference between S e

dividing the range by the number of groups formed, 2% mits. Itis f

Class Boundarics ound by
computing classboundaries, the upper limi ofthe ki
18 subtracted from the

fower limit of the following class and the difference §
isobtained is then subtracted from the lower liit 5 " AVided by ' The quans

it a0d 2dded 10 the unmer 1 Y Which
upper limit of each clags.

For example, consider the following table,

Classes-Limits

=a Class-Boundarics
0S5—45
5=3 45—85
=1 85—125
B—16 125— 165
1720 165 —205

Formula for calculating class-boundaries (CB)
S-4 1_
-
8008 i
00.5 is subtracted from the lower limit and added to the upper limit of each class.




Unit & Bosle stoispicy

" b Example JEJ The heights of 30 students of 10 class in e arc s follows.

Construct group frequency tablc.
Heights in cm 7
E 174, 155, 160, 173
——752,165, 170, 170, 162, 159, 162, 163, 175, 166, 171, 174, 155, 160, 173,
A’isg' "146. 150, 172, 158, 155, 163. 165, 171, 153, 158, 149, 153
Solution |
The widih of cach group is § because .'-"-5-;—'"—°= . The width of class boundasy is 5,
Class boundaries Heights 10 cm Frequencics (f)
13851445 140, 140 2
1345 - 1505 136, 150, 149_135 1
15051 158, 155, 153, =T
SR 153,
162, 162, 159, 162,
1565 - 162.5 160, 158,158 7
' 165, 163,165, 163,
Jle-ie | 1es-tes # s
170, 170, 171,
19-14 168.5- 1745 174,173, 172, 171 7
R175=180° |7 174.5-180.5 175 |

i Example - Construct a frequency table of the weights (kg) of 30 students from the
following data by using § asa class-interval, Find the class-boundaries and class-marks also,
25,30, 40, 21, 24,25, 36, 30, 45, 50, 22, 25, 36, 46, 35, 38, 40, 28, 34, 45,42, 46, 38, 48, 28,
29,31,33,30,26.

. _Solution

Class-Limits | Tally Marks | Frequency | Class-Boundaries | Class Muorks

2125 L1 | 6 205—255 23
26—30 Wil 25,5 — 30,5 28

o 31-35 T 4 30.5—355 33
16—40 LH1 6 35.5 — 40.5 38

_Aal=45 [ q 3 40,5 — 45,5 a3
4650 i 4 455 - 505 as

s

o

Unit & Basle stetlstics

m istogram

A histogram 13 a vertical by i
space between the bars. The u:;:;':x?u‘ »
rtional to the frequency j¢ represe beria
A histogram hiss advantages oyey u.:h'
methods that it can be used 10 roprege e
with both equal and unequal ¢lass inlav:'jdm
whc"'::'i" we c;)gslmcl a hislog:;m
resenting @& set of figures whj
"p"m‘ed off from the original mu:s'::r;hm
we have to make the clags imerems.
centinvous by using class boundaries ’n;: o
toavoid having gaps in between the bl;s 3

l'u Example |EJ Construct histogram from
l Class-Timity IEIEI
[ Frequency
|_ Solution
To draw a histogram class-boundaries are Mmarked

class are marked along Y-axis ac shown in the figure. S e frsquenicies -
Class=Limits Freguency
2029
30—39
40 — 49

/—NMN—

50— 59
60 — 69

Hitogrem from Fgual ttervaly

19.5 195 9.5

Class-Boundaris




Frequency polygon

> 7 —
E\‘
IE—I -
g. "-‘:”_v ‘_,»‘""_.‘/~" .Y ks -2

) ‘quency pelygon is drawn by igini
I Exampte Draw a histogram for the following data, A mi"" at both ends are jdmy“))od Ihn:i'niww ¢ Midpoins o g
Gl 0= [0 —6 =5 | 55— [ 0= | 0—19 | V=9 pot w,;nm-’ will make the graph ﬂcarex‘i':;ld.:h o !op!:rqu. réctangle The
- 0 30 10 onta] XIS <0d points falfine | olCPOIS Of the
Frequency | 10 12 s = = 'Wéﬁﬂ“‘&‘h;::)!:;w Polygon ofa distribuygjep ith fallng off o 2eco on g
| Soluffon=] Histogram with unequal class inteeva Joteacticlass ft 282inst the mid vy) Without first Geayy . . '
The class intervals are not equal, In constructing the histograen, we mst enspre that the arcas M’M“’("m the frequency polygon 02 0fthe class 10 obigin p:;:gu&;!‘“m} .
et sle e sonal 1o the class frequencies, as the frequency ina histogram is quer polygm are specaally usefyl 4o compare ich we join by
cd by the area of cach rectangle. (vegtables, putscs, gold e1c) over a given per; W0 50t 0f data ¢ 4y e
e— Cl Class-Intervals | Frequency Adjusted crickettoshiow the progress ofa batting 'W:D:Od ortime. Now ‘*‘Yfirism comomfcomml- ties
ass- T Class-Inte \ 3 S e ision of Y used in
Class-Limits | oo es ) o  [Frequency f f Example g Construct 1 frequency potygon for e fou:c:: Tcmngam'
Class- =3 8 frequency diseribue
0—39 | 295—395 10 10 [ s, [ 39| 3%0—29 Rxtion,
0—43 195 — 435" 4 12 3 Frequency 1
854 | 435545 1 44 4 L-sf'-—'-,_,_#—— ﬁi"‘—\ -
55— 60 545 — 695 15 75 5 Classes Class-Boundaries WF\
SR APy 10 40 4 30—29 .9_5_295——&"12-?@_ Frequency »
— 5 \
80—89 | 79.5—895 10 0 3 == 29.3 305 o ! ‘
2 40 — 49 395 — 495 345 e
90—99 | 89.5—99.5 10 10 ! 50 — 59 495595 4.5 4
, [ Nore (&) gl P s A |
oS Since the areas of the i n—=7 69.5—795 7‘_5 4 ‘
H rectangles in a histopram 80 —89 795 —89.5 34' : ‘
g4 must be propartional to the 5 S ! i
pr— class frequencies, height ‘
i i 3 ofrectanple x class width =
- class frequency. $ '
$2 OR ‘
1 height of restangle = class z 4 l
l I frequency/class width Thus, £
the height of a reciangle g i- 3
295 395 405 SA5 695 795 395 995 may be found by dividing =
— & Class-Boundsries | the class Erequency by the 2
class width,
In 2 histogram, the frequency is rep d by (height of bar) x (number of standard int:n'alﬂ '
0 L S W
195 205 95 495 935 ©H5 W5 895




Frequency
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v Exercise6.1
—

the marks of 30 studeats during 3 quiz with 100
the chass-boundaries and class-marks,
68,90,67, 66, 58,46,74, 88,76, 69,57,

1. Canstruct a frequency distribution of
points by taking 10 a5 the class-interval. Indicate
40,60,65,70,35, 50, 56,74,72,49, 85,76, £2,83,
63,66,47,82,90.

2. Following sre the mistakes made by a group of students of class 10% in a lest o!‘ essay
writing. Using an appropriate size of class interval, make a frequency distribution and
also indicate the number of class intervals.
4,7,12,9,21,16,3,19,17, 24, 14, 15,8, 13,11, 16, 15,6, 5,8, 11, 20, 18,22, 6.

3. Draw a Histogram for the following data.

Class- | o 24 |25—29 | 30—34 | 35—39 [ 40—a4 | 45—49 | 5034
Limit
Frequency 1 3 4 5 4 2 1

4, The following data give the weights in (kg) of the students in the 10th class,
25,30,32,29,24,40,36,37,28,27,4),42,35,39,31,32,34,42,40,43,36,26,22,23,42,
39,35,41,39,29.

{i). Prepare a frequency distribution using a suitable class interval.
(ii). Draw histogram and frequency polygon.

5, Adtcacher asked the students about their time spent on homework completion time, The

following set of data was obtained (Time in hours).

4 4 6 3 1 2 2 3 | 4

1 2 s 3 K 5 2 2 3 1

B I 2 2 ] 1 4 2 6 2
Canstruct a frequency table and draw a histogram showing the results.

?
% G“‘!‘Mimw’;,"wmbw;mmm A =
- A
g

ctivity
“Getting Ready for Schoolin the moming~
Gather your Data:

Ask your school-mates the quest -
(minutes) do you take in N,;,?:::: "';“Mnme
school? Write the data in 5 notebook ‘ic n:'m
Haidar 20 minutes. Collect respons this Al
;pptmimmly 20 students in the forn “ts .rrom -
oely. Like 30 min. [0 min, 12 min, 15 mip m’;"nuu; :
Makea grouped frequency table for ’W'd.au soon,

| Cumulative Frequency Distribution

A cumulative frequency table provides i ormat;
other value, For example, howp e s
namber of students scoring below 502

6 inchesete. g o]

When the same data is presented on a
Ogive. BIAPY paper the frechand curve formed is called an

EFHN Construct a cumulative frequency tablp
The frequency of the last class is the total frctincm:y ofasetof d
I Example |7 Find the cumulativ %

¢ frequency of the foll
= 3 = Y ol ing data.

0 A
T v 12013 LA T N N T !
L S leT 7 a3

__Solution
;- l/ Methud of finding (c.f) of
l —
4 2 142=3 ;
5 3 J+3=6 6
6 4 6+4=10 10
7 5 10+5=15 15
8 3 15+6=2] 21
9 7 2+7=28 23
10 4 +d4=32 32
" 3 32+3=35 35
12 8 35+8=43 43

Mathemaikey X




Scores: '.'.1.2.2.2.2.5-9-5-’&“'5
o ' Cumdative
Score  Frequency  Frequency
s
7
> n
12
19

~-NawvnN

Cumulative Frequency for Score 3
is 2+45+4 = 11

b Exampte 3
The consumption of petrol of 1000cc cass of a particular brand was surveyed and the
following dsta was obtained. Construct a cumulative frequency distribution.

Distame In K/ Litre| > |3 y5|16—18 [19—21 | 2224
| (Milage)
Frquencey 16 20 36 21 7
|' Solution.{ The cumulative frequency disturbation is consturcted below.
Milage Upper Class Frequency Cumulative
(Km/Litre) Boundaries Frequency
10—12 12.5 16 16
13—15 155 20 16 +20=36
16 — 18 18.5 36 36+36=72
19—21 21,5 21 T2+21=93
[ 224 24.5 7 934 7= 100

S Cumulative Frequncy Polygon

A polygon in which cumulative frequencics are used for plotting the curve is called o
cumulative frequency polygon. The curve is also called a Ogive. The construction of an
Ogiveis described in the following example.

I NOT FOR SALE

v ——,
;’:i;ﬁnk}

gxample [E] 1a the foliowi
examinthe subjectolmaths. »

wm;yonddmwucumulmivc fi
smions]
To coastruct the cumulative freq distribution, T °
Class-limlts | Frequcnc;ml'sm;fc;n“:%
2529 ¢ W ulative Frequency
30—34 - 295345 6
35—39 4 M5—30 10
40 —44 7 395 —445 &
45—49 3 U5 —495 21 f
50—34 6 49.5 545 :;
o ——
Cumulative Frequency Polygea

Cumulative Frequency

Rt b et L L U o)

t t t T T
s Ms ns o« "ns “

Upper Class-Tloundarkes




e L J— TR U b Bask wiothtiey 7 [ Bawesetties L AT
e e —
4 y  Exercise62 - mT :’:c ms“';_ °$’fF;ntml Tendency
| Tendency of o data is
1. The following dsta give the wages {in Rs) of workers. 58,90, 98, 120, 77,90 Sg:'[ pumber of iem tends fov::mﬂmkwholuhumth stage at which 1)
60, 75, 80, 85, 90, §4, 70, 73, 76, 84, 95, 100, 150, 66, 58,90, T8, 125, T4, ZH Teadency OF AVEFEes are also somelimes called 50 it is called central tendency. Cm:
By taking 10 as the class-interval, propare. . i e centre of a distribution. 6 Measures of Jocation, because they uoc.':
(i) Cumulative frequency distribtliﬂ; l:"{c‘":;i’"“ froguepcy PO Types of (‘;n_lur:‘l‘ Tendency Averages e T TP, :
. Make cumulative frequency table for the following (i) Anthmetic Mean (A.M
- Age .,.!:1-:,, zc();_za 3526 | 30-39 | 1044 | 4549 | 50-34 | 55-59 i), Median ) Meane1so ‘
Number of personsif)| | 2 26 -2 '20 15 14 (iii). Maode
3. In 8 city during the first week of August rainfail recorded is as fallows. Construct a (iv). Geometric Mean (G M)
T T e | x| Wed_| T | P [ S {6 m— |
Remfainm 170 | % | 30 ] 35 | 50 | 55 | 80 | Sa s >
4. Draw Iess than and more than cumulative frequency palygon for the data given. B Whmetic Mean Asrouped and grouped dagy
Marks Number olf Students (a) Arithmetic Mean (for ungrouped data)
40 —49 Arithmetic Mean or simply Mean is calculated by add: )
50— 59 2 the number of items (values). If x, x, x,, m’ﬂ‘:ﬂﬂ: all values of the data divided by
60 —69 3 denoted by (¥) is given as : ¢ thea the Arithmetic Mean .
0—"9 4 .
80— 89 5 ;_‘-*‘1*‘1“:"’1"-‘..%&.’_«5&11 Z*,
209 § S " o |
S. Determine from the data of Q4, the following. el tic Mean, Z = stgmn (Notation used for the summatio) {
(i). Number of students who ohtined moee than 50 marks, NN XL (1=12,3 )
i), Number of students who obtained less than 70 marks, 1 = Total numbe i
:i?i)A Number of students who secured marks between 50 and 70. B rof items in the data,
A g y short<cul method
(1v). Class interval of all classes, Formula for sh i
(v). Lower-class boundsry of §* ¢lass. rshort-cut method is, l Mean = Sum of data
6. Construct on ogive for the following table FewE Z D, Number of data
Salary Workers Where "
2000 — 5000 3 i TR L
5001 — 600D 5 x -:\ml‘m.m.c Mean
T e e ] a = Provisional Mean (PM)

700) — RODO 9 D, = (x-a)} (Deviation from Provisional Mean)
8001 —9000 : 3" D, = Sum of Deviations from PM
3 n = Total number of values in the dats,

9001 — 10000
10001 — 11000 i




data)

IF y0 S Epeves £0C 2 Values wilhj,,[,,/h_‘
the Arithmetic Mean  is given g

Example [ ,
.9, 10,
Find the A.M of the values 2,3,4,5,6,7, 8
(i) By direct method

Sans frequencies of the respective values, hence

w e
:-.:s-')_[é;..\.»,/i A
,04‘/,1/1“” *], :Z/

[“‘—‘-sm(m Gy “‘-&mﬂ?&d k. ._:p Example m
. using formul 2 wuc;‘i:'id::e:;u students, a test wag cdnducicd, and (he following marks were
i : obtained by the s .
i) ay,a“‘i,,,n.ex.hoima;m-mm.,, ing formula 10,12,12, 14,9, 18,9,13,16,5,17, 16 14
La ., 7% Ad

nA Gt HE NS
-

+x‘ox,4x,¢x,+.,.+g‘
n

¥

2¢3+4+5¢6¢7+809’lo 2 _554_ =6
-—_———"_—__.-
- 3

Make frequency table and fing Ari k

I"Sb!ution:'

Score g
n ¥=6 — | 10 12 3 T
B Frequency (/) 3 ] 3 : I
(i} By short cut method | : : | |
w(x—a),a=6 =T
x D~ qgi“ ’—‘m\_?
. ; 2-:=-: T%"Q;L"‘ﬁ\
o 10 27
; 4-6=-2 = \I_?
: S5-6=-1 3 : s
; ’ T%—__U\‘
6 6-6= 3 2 =
7 7-6=1 _L 2 :
8 §-6~2 L l%_h”—*
9-6=3 7 ——— : 5
9
10 10-6=4 z/-u Zﬁ‘:&
>Db,=0
S~ Z Arithmetic Mean = %
By using formula,
;=a4 D, =6+g=6+0 P
' S —

L x=6




init 6 Batic statiptics
e -.1 S| \'l TS TR m— " —er
BuL i Uni 6 Badl Q@m!@u_a it Bosic sotntics )
(i) Short-cut method

Let the assumed mean a = 107,

N -»

{ Example m . os. Find the
The pricesof 2 KWgemouucgivnbclw aloay with theit frequencics, the mean rﬁ;— o 7
e __,_','—‘:ﬂ Mid ~point |.'n.qm_"‘"
, . o — M 92
(i) By direct method 95 — 99 97 141
| e
(1) By short-cut method 100 — 104 102 T3
705 — 109 | 107 S
ey [ onos [ssm | 1ont | o519 110-114 | 115-119 | 120-124 % ::: 19
Fm(;;m.v 4 " 15 24 ] 9 3 120 — 124
“Solution
(1) By direct method
: ix) o i
Ciasa Interval Mid Value Frequency £
W0—94 92 4 68
95 —99 97 11 1067
100— 104 102 15 1530
105 — 109 107 24 2568
110 — 114 12 19 2128
115 —119 17 9 1053
120 — 124 122 3 366
S8 | 390w
‘The mean price of the generators= x P growped de (b) discrete data (¢} :
s (a) Median for ungrouped daty e L
=&t * Winadata there are 7 values, then afy i
. ' g CF & . X
o onder Median is calculated by the followi "::;f;;ﬂ the values in 2scending or descending
2080 i & n+l
Median = Size of(%}th item (if n is odd)
or

=106.83 hundred rupees

Median = 1 n . 2}, -
ian 3 [S:ze of 3 th + Size of ("—;—-]lh llemJ (if m is even)

5 ” A LE Mialhematics X
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L ahA° % A ~'»\_".‘\ \.\.\".\\'\‘.,
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P

MO "’) Medinn for discrete data

Example [[] Fiod the median for the following values.

y distrib i
[ 2.4, 5 63 S <" tn & frequency distribution it 3 £ s o4y then the valye of x opposite to M}m i
“Stlation ./ Writing zl‘h; i“:“om mni 057910358 in the cumulative frequency column s its median, Btir Z/ y 5 ,:,,
.4, 5. even, then the value of x
S.No x (value) SN, ] apposito 10 = th item in the cumulative frequency columa is its med
\ v 51 i
| 2 jllustrated with the help of the following examples izn. This can be
2 5 te. (B The followi :
4 The median for an odd ) Example. © loflowing arc the marks .
3 5 number of data is the : Obtained by 35 students in a test,
4 middle value when the X 10 12 —
5 6 data ar¢ arranged ip - 20 25 10
ascending /descending 5§ 1 10 n m
; 2 P

By using formula gy oeder. The median for an »
Medizn = size of [——-)lh item even pumber of data iy Find median of the data.
2 amanged is the mean of '

1)t two middle valbes when [_Sotutlon ) —
-siuof[ﬁ_]lh item the data are amanged in = _I\
2 ascending/descending ef
=size of 3" item arder. 10 h
-4 l
So Median=4 12 "
§ 3 1
Example [[f] The following is the daily pocket money in tupees for the children of a 1
family 10,20, 15, 30. Calculate the median for the dats. 15 5 iz
[~seution .} S.No x (S————
* ( 13 25
I 10
2 15 a5 ===
3 20 2 31 ,
4 30
Je—= ' 30 4 >
Since number of items is even, so |
Median -,"[s.'me of 21+ Sizeof (L;ﬁ)m]mm f Since n=3f=35
So Median = Size of (1"_')& item
2
- %[Siuof;lh+siz=of(;]lh]ﬁcm s
= Size of ( v b item
-1[3' f20d + Si i ! 35 :
1 cae fzeofnd]item = 215 +20) = = = 175 = Size of 18th item
=20




£

J

— -u '-‘a N T - UL (O -’0;1“666;.[( Nolisly
FS } ! Example Find the median marks from the following distribution:
2 25
(Marks) x 10 20 ..‘2 -
Number of students 0 2
. Selution
Marks x| Frequency ef
10 0 0
20 2 2
4 6
==
25 6 12
Yr=12
Median = Size of (g]m item
= Size of {%) h item
= Size of 6th item
=0
So, Median=22

{¢) Median from continunus data
For computing median in conts data it is important to make class boundaries and then

median is calculated by the following formula:
. hn
Median = I + —| =~ ¢ | where,
/[z ‘]

{ = lower limit of the median class
k= width (class-interval of the median class)
J = frequency of the median class
n XS
2 2
¢ = cumulative frequency of the class preceding the median class.

——g—

LT

| Example

|_Selution )

Daoily wages if %
C.
—'——\%m

60— 69 595 —go5 | ——ulative Frequency
69.5 — 79

70— 79 4
~79.5 —g9 s

80— 89 | 10
£9.¢ —99, —:B:‘

90 — 99
9.5 — 1095 5

100 — 109
i3

—

e |
Median =" 33 ]
3 th item ?u, item

- 16,5th item
Median lies in the group (79,5 80.5)

Median = / + i(ﬁ_c
f2

}msuoa

n= =3
/=3

10
=795+ — &
7 (165-10)

=795+ %0 (6.5)

=795+ 8128
= 87.625

(iii) Mode
The value that appears more times in a dug, | i
HoMovosdrmadus widpatote : 1, is called mode for the given dats or the most

b Example (JE3 From the following sizes of kids trousers, find the model size.
25,30, 31,25, 35,25

_Solution, . In the above data, 25 is the most frequeat value, 50 the model size is 25,




‘ i tudents, Find the model
It Example §I) The following data shows the weights of the §

weight, - P T
Weights (in KG) 40 ‘: : * -
Number of students 10

— 4 valve in the data,

‘ () is the most ﬁ’c@lm el

L___Snlnj_ﬁnd Mode = 40, becsuse 5 .
from the lollwmg Iiequﬂlcy distribution

IIEnmple Calculate the mode d — i e
Marks (C.B) 0—4 "5— - 3 s
No. of students 3 e
“Solutio Marks (C.B) | Ne.of. students [
0—4 3
4—8 5
Qs— = 4;)———-» Modal group
— 16
16—20 2
Tbb‘;odcliesinlhegroup 12— 16,
So'By using the formula
£ ) \
Mode = ! + | —=———— |x
(21: -£-f
imi | group
Where I = lower limit of the modal
= Fi u:ncyoftbcmodalgmup
4 - F::umcy of the group preceding the modal group
f = Frequency of the group following the modal group —
k= class-interval o
6-4 | £
X 4 =
So, Mode |2+(2(6)_4_2] L. S \
2 -
- x4
M (II-GJ
8
= |24 =
12 r

=12+ 133=1333

t & Bovk statisticy

(Iv) Geometric Mean (G.a)
Gieometric Mean is the Posit;
(1) Geometric Mean frop, ung

v
ﬂllp(d
1 % % Fyy oee Xoare values

in..‘m'
)

GM = (xxx,x N X xx,)e

or GM = Anti-Jop (Z&)

n

i Example (EX} Fing e

Students, inic Mean (GM) of the marks obtained by the Oth class

© F00t of |he

Product of n valyes,
dary

thea the Geometric Mean is given -

|_Solution | 60, 65,70, 80, 85, 00, 75.

@ log 60= 17781

. log 65=1.8120

e log 70= 1.8450

75 log 75 = 1,875

i log 80 = 1 9930

= log 85 = 1,9204

2 log 90 = 1 9542

: 2 logx =13.097¢

M\

G.M = Anfi-log 21082
n

= Anti-log ””#

= Anti-log 1.8710
=T74.31
(0) Groametric Mean of Grouped data

Letx;, x,, x,, ..., x, be the mid-points in a
respective frequencies, Then the G.M iscal

GM= Anli-log[ZéI;i']

frequency distribution and £, £, Sy - [ are their
lcuhledbythcfollowing formula:




7
|

N

l b Enmp_l_eE
Calculste the Geometric Mean (G.M) of the following data. '

2 (’q’, Harmonic Mean (HM) ;

Marks 0—20 20—40 40— 60 60;30
Number of stodents 3 4 10
_ Selatfon
Marks X s log ¥ Slogx
0—20 10 3 1.0000 3,0000
20 —40 30 4 14771 5.9084
40 — 60 50 10 1.6989 16.989
60— 80 70 11 1.8450 20.295
/=28 3 flogx=46.1924
By formula,
logx
G M= Anti-log 24 f‘
2 46.1924
Anti-log =
= Anti-log 1.6497

. When you multiply 1089 by 9, the
‘4 answer you get is 9801, which is the
. exactreverse of the number 1089

| 247
S T ey sy agy

B B NOT FORSALE

e —

- S g o

Itis the reciprocal of the Arithmetic Mean of the reciprocal vatu
< PRI cs,
() SRRy ——
oM ungrouped data |
Let there be 'n' values j ¢
calculated by the following fomje” ~* ™ 0 3 €213, then the Harmonic Mean (H.M) is

H-“’&_ -_n

| o s - —
YIRS e ST q |
TR ox *x, Z(;J
I'sl-iximple
. Fiadthe Hanmonic Mean of the following values. 5, 6, 8, 9 and 10,
|_Solution o ’
¥ log 1
x
5
1
) 3 02
1
z 0.16 ‘
: 1eoazs ‘
9 k- i
1
; 0.1
10 1 ,
ﬁ'o.l :
Ti-06s
x
By using formula:

HM = =5 =7.104
2(1) e
X

NOT FOR SALE EEE




l n-ﬁ rmonic Mean of grouped data ﬂ?ﬂ:r:rnr::;ot{mmmﬁk Mean )
Barmesic ean \owing formula: g eviations of values measured from their A.M is always equal to zero.
mmnnonicMmofpwpddmhmeMW‘b‘“ owing I"‘§(""‘-‘)=0
’ & The sum o )
Lo Ez(;] (minimum;r Squared “-viations of values measured from their AM is least
x . T . "
b Exsmple [ g("' x)x';"’")' s whers X = A M and a = any conslant
_!_._u' . - ‘r)"""-‘b"‘mamdb
4 armon| the following data. > A€ SOmE non-zero constants, then y = ax + b.
it ka'ﬁm - e :{:{,’;‘,‘:m !"' °“"""h"mc their respective means X, X1. X, with respective
Classes 0—6 6—12 12—18 18—24 24—30 iy, ‘"”'m'b"“?ldlhuombineddauisgivu\u:
6 = - - o -
Frequency | ! g ’ n ~ . EeMEEREn, 20
n,+n,+n,+,__.,,. t
"l
[ Setution = [EFEITIN Weighted mean =
. / . .
b o The numerical values whic s .
Classes | Frequency (f) [ (Mid-poled) x " . Which sbow the relative importance of different items are
: s o oot average of diferent tems having diferet weighis is called
= Xp Xy i i 3
0—6 1 3 3 033 S G e i x, are different values of items having weights w, w,
2 n n=RNMANWE.Lw, ) W,
6—12 2 9 7R Wotw e, w
s - Example (FE] The marks obtained by 2 snadeat in Maths, English, Urdu and Statistics
12—18 5 15 T e were 70, 60, 80, 63 respectively. Find the average if weights of 2, 1,3, | are assigned to the
" Solution | =
4 X w "y
18—24 4 21 37 =019 =
2 140
6 60 1 60
- 27 - =022
i ’ 27 . 80 3 240
! Z([]- 1.29 65 1 65
X




R e ————__ .
'“W&@E&%M‘W‘M““ ORIy W

.m. Fstlmatiy Me .
Moving Averages : ; el foan i Sasoviade m et "T W of Median, Modle andd Quartites graphically
& It is succession of averages (“.""h'“'f'd‘ ":",:cmmuwdmbecomes For median the class-boundaries are plotted on the horizontal axis and their cumulative
of a series of values, It is e‘;ﬂlﬁ';“‘;l \”’am and adding the latest value, frequencies on the vertical axis, Then Points are located above the boundary peints against
available. It progresses by dropping the ear their r:llﬂ%: R':,mhﬂve frequencies. All the points are then joined by straight line to geta
Example §3 % e tal and vertical | iani
g ooyl e v e B el o o s i e o i et o e
3-day moving average emperature. Example Find median graphically from the following frequency distribution:
Days Temperature Clayses | 10— 14 | 15— 19 [ 20— 24 | 25—29 [ 30 —34 | 35—39
‘Saturday 40 Frequency 1 s 7 2 6 4
Sunday 3 [Selution._]
Monday 36 Classes £ | Comulative Frequeney | cpays.Boundaries
R Tooey = 0—14 | | = 5
s 1 9.5 —14,
Mabtey L 15—19 | s 6 14.5—19.5
Thursday o 0—24 | 7 13 19.5—245
Friday 39 25—29 | 2 15 245295
3034 6 21 29.5 345
—Somstion 35— | 4 25 345—39.5
Days Temperature e m:: ::::‘ i Median = -glkiwm - %lh item = 12,5tk item
Saturday 40 o A
Sunday 37 W+3IT+36 3567 ¥
3 0}
Monday 36 3‘7"‘_36*_3_5 =37 : EE
3 5%
Tuesday 38 36 +38+37 =37 - ns¥
3 or
i Wednesday 37 _—3“337“' -38.67 ; q
L T s =~ @ Teaie9_ o I
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ERROR ANALYSIS Describe and

the made in finding the ' TR l ; (HI) Quartilcs > BN WA ST VT = B"
correct eror ing X To find the valucs !
10, 11,24, 45, 41, 15, -ts 24,50 of Qs and ;
median of the data set, I drawn. . O from graph the cumulative frequency polygon (ogive) is
(i) Muode y ) Example Find Qi and y
We necd histogram to estimate mode graphically which is explained.with the belp of the i rom the following distribution.
following example. Lbid =0 | 0-2 | -3 | 30—s 20
Example . Find mode graphically from the following frequency distribution. . Frequency 3 S — 40 —50
ME— 9 3 2
Classes | 20—24 [ 25—29 [ 30—3a [ 35—39 | 40 H 4549 | 50—54 “Solution |
A g 1 B 8 11 15 9 2 .
Frequency Marks 7 FT Location of Q; = fm item
=Solution 0—10 ——— 22 |
Classcs s Class-Boundarics { Wl 3 3 = _‘_u, Tl
— s )
20—24 1 19.5—24.5 20—30 5 8 A = s;m item
25—29 4 245—29.5 %0 3 ;; Losation of Qs = =" th item
30— 34 8 29.5—34.5 oS5 (n}h
2 =3 == khi
35—39 1" 345 —39.5 2 3 J e
40— 44 15 195 —445 . = 16.5th item
: o T Cumnlative F;
45— 49 9 445495 . requency Palypen
. 50-54 2 495 — 545 ] 23T
15 Maode = d1.5 - » ¥
:; . s "
it I
10 I
" E : lo ::
7 +
: 6 . ]
5 L Jye
" 4 -
3 -+
H bty }
0 : 101520 30 &
b2 195 245 295 M5 ST M5 495 - SaS c.n
15 Q=150Q,=294

Class Boundaries
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E Exerclse 63

1. The following are the wnghu (in kg) of students ormc 10* grade.

45, 30, 25, 36,42, 27, 31,43, 49 and 50.
Calculate mean of the weights.
2. Find the mean of the weights given in Question 1 by using short-cut mc(hod
1, Using assumed mean find the mean of the following numbers.
1242, 1248, 1252, 1244, 1249
4. Find the mean of the following frequency distribution.

m Measures of Dlspemon

Dispersion is the scatterdness

Types of measure ofd,,nm;fv-luu from its central value (Average).
(i) lg::;
(if) ard deviati
(iii) Variance Y08 (8.0)

(i) Range
The RANGE is the difference between the smallest observationand the largest observation,
Range = Largest value — Smallest value

Marks obtained by students of 10° class in mathematics.
Score (out of 75) 0-15 | 16-31 | 32-47 48;)63 64-15 Example &) 2“‘,7:,“3 l'l'.J'?le':m ol e St D200, ‘
10 40 The range telis how
Frequency (0 — [~Solution ) diffovent the Observations
5. Find the median of the following dats. ' The largest valpe = 311 are. A large mnge means
({). Heights of bays in inches, The smallest value = 209 m that t:‘tﬂobwv:iu‘:“ .In
64, 65, 65, 66, 66, 67 Ranbe - et valuc-senalest valoe s mians it iy wow
- : 03 * f fx‘ - — 0 -
{i1). Salaries of 9 workers of a factory So the range is 102. more similar.

7000, 6600, 8000, 4500, 7500, 11000, 9000, 7500
lowing data

6. Find the Arithmetic mean, Geometric mean, Medinn and Mode of the foll
65 67 67 63

Example [g] _ Following are the names and heights of mountains in Kankorum. Find the
e

range of heights.

58 59 60 62 64 o
70 n 71 7 (5] =3
8611Im
7. A set of data cantains the values as 148, 145, 160, 157, 156 mean ) Fmediar Ghasherbrum 1 8068m
and 160. Show that Mode > Median>Mean, i’ Broad 8047m
8. From the following distribution ./ Ghasherbrum 11 8035m
Ghasherbrum [11 7952m
Daily wages (in Rs) | 112—116 | 117—121 | 122—126 | 127130 Ghasherbrum IV 7925m
Rakaposhi 7788m
Ne sbwichis 3 Lo $ : ~Sotution_|
3 ; The maximum height = 8611 m
(i), Construct a frequency lable. The minimum height = 7788 m
(ii). Find the class-boundaries for each group. . . Range = maximum - minimum

= 8611 - 7788 = 823

(iii). Calculate Median, Mode, Harmonic Mean, and Geometric Mcan for the table.
9, Find Median, Q,, Q, and Mode from the l’ollowin’ distribution graphicaily.
30 —34
b AP

Classes 10—14 15—19 | 20—24 | 2529

Frequency 1 1 7 12

So the range is 823 m,

O
Range is very rarely used as it does not tell us about the observations in

largest and smallest values.

.WT]—
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Example [§] Calculate the range from the given data

Clasyes 5—9 10—14 15—19 | 20—24 253—29
Frequency 10 15 12 21
[~ Sotution .}
Classes I Class-Boundarics
5—9 10 45—9.5
10—14 15 9.5 —14.5
15—19 12 145—19.5
20—24 21 19.5—24.5
25—29 3 245295
In the given data the lower limit of the first group is 4.5 and the upper limit of the last
groupis 29.5. So,

Range = 29.5 ~ 4.5 =25

Example
The numbers of grams in various candy bars are listed
below,
Find the mean, median, mode, and range. Round to
the tenth if y. Then select the
appropriate measure of central tendency or mnge to
describe the data. Justify your answer,
9,8,9,809,13,24
““Selution .
; a+8+9¢97+9+ 13+24
median: §,8,9,9,9,13,24
mode: 9 g occurs most frequently.
mange: 24 -8 = 16g
The appropriate measure of central tendency or moge to describe the data is the median or
the mode. The mean is affected by the highest value, 24 grams,

=1l6g

11=3,14159 26535 £9703 23846 26433 £3279 50283 41971 69399 37510 58209 74544
S?ZW?!I“ DS54 20899 86280 34825 24211 70679 82148 08651 32823 _,

(1) Standard Deviation (S.0)
It is the positive
(arithmetic mean).

» q —x) ;
ic. SD= "Z(: N for ungrouped dota
and SD=- ‘Z%’—,‘_" for frequency distribution .

(1ii) Yarlance

Vannncelslb:iqmofﬂlldmddwhu Vari i denot the symbol
'§', Mathematically it is expressed as: P —— R

e S PR

-3y ¢
s'= 2—‘%‘[—" or %-(%?) for discrete and continuous data

I Example 34]
Find the variance and standard deviation for the following data:
6,8,10,12, 14

Bquare ront of the average of squarcd deviations measured from AM

| Solution
}EM:M=QE|0
S 5

x x—X (x-;)’

6 6-10=—4 16

8 §-10~-2 4

10 10~10=0 0

12 12-10=2 )

14-10=~4 16

40

- [T g

Variance (8%) = (VB )’ = 8
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b_*i_x_qmlzle The following s the distribution for the number of rotten eggs found in 6( = ) ;
crates. Find the standard deviation and variance of the rotten eggs. ?  FExercise 64
Na. of rotten 0—4 | 4—8 | 8—12 | 12—16 ] 16—20 | 20—24 1. Find the range l’o”}wfollowing iems;
opps s 11,13, 15,21, 19,23,
N , Abank branch manugq Was i :
No.ofcrates | 5 10 15 20 6 4 2 S intercsted in the waiting times
orcu:mr“;i For this ho carried oy  survey, A random
[_Solution; : : followingdata, e WS slected und yielded the
s 7 = > 2 ~ :.2(7) g.gls 579 802 873 801 1049 g1s 668 564
0—4 5 2 10 4 20 s :
4—3 10 6 60 36 360 C‘:‘;"’:":‘““”"'%” .
§—12 15 10 150 100 1500 i m::n (i) Median  (iii). Standard Deviation
12—16 20 14 280 196 3920 3. Be, Variance and Standard Devition for the following discrete data:
16—20 6 18 108 324 1944 X s 10 11 13 15
20—24 4 b>) 88 484 1936 Y 2 3 4 1 3
696 9680 4. TheFollowing table shows the marks abtaincd by 10 srudents of two sections of 10 class.
) -ﬁ:“ ﬁ]’ SccliunA79694?$BB
ro\xf St 6] WlS| a1zl 0o ls s
2 Find their
- 9680 _ (5.;’6) (®) Arithmetic Mean  (b) Variance
6 60/ §. Following are the marks (out of 75) of the eight sadents in two subjects.
=16133-134.56=26.77 «
Student A |B |C D |E F G |H
J $D= € =V26.77 =5.18 (App foaslely) Marks in Mathematics 54 |63 [59 |45 |52 |35 61 |68
QActivity - — Physics 52 |55 57 [st [s6 |s8 [s0 |9
H aumber Talt Fi
f;‘;:"‘”"l ﬁ?&%m'@“ "'“m:"; l:g "m - L — " Compare the standard deviation of the marks and tell that in which subject students are
are bases, and substances with pH values o Sanwleul, ;
cqual to 7 are newtral, Test several solutions 6. The following is the distribution for the number of defective bulbs in 30 cartons (Packs),
and list the pH values. Make the freguency| Equal to 7 Find Variance and Standard Deviation of defective bulbs,
table of pH values by completing the table
sttheright, Grcatsi thaa 7 No, of defectivebulbs | 02 | 2—4 | 4—6 | 6—8 | 8—10
: No. of packs (1) 1 3 15 10 2

-E‘-*- =5



1. At the end of cach question, four circles are given. Fill in the correct circle only,
(i) The difference between upper limit of two consecutive classes in a frequency

table is called.
O Classlimit O Classinterval O Classmark O Range
(1) A cumulative frequency histogram is alsa called
-~ O Histogram O Pic chart
O Ogive  ~ O frequency polygon
(i), The number of times a value appears on a set of data is called
O frequency O avemge O mede O median
(iv). Thednabelvwrcpumlbcnmb«ofklemmlbnllmdcnsba\emu,m
bomes. Find the mode of the dats.
3.2,1,1,1,5,3,1,2,1,2
o1 o2 Q3 O4
v lnwhicbdzusetmdxemun.medim.modc.mdmgenlllhcnmc
number?
01,2,3,3,2,1,2 01,231,231
01,333,231 0221,23,23
(vi). Then® root of product of ‘n* number of values is called.
Q arithmetic O geometric mean
O harmonic O standard deviation

(vil). In a set of data.
63, 65, 66, 67, 69, median is
0 a3 O 66 O 67 O 69
(vili). In a set of data
41, 43, 47, 51, 57, 52, 59 median is

O 5 O 47 O 47 O none of these
(ix) lnlbcgwcnsaofdahS 1,75, 3,7,2, 8, 2mode is

09 Os o2 07
(X). In the given set of data 3, 5, 5, 5,5, 5, 5 the standard deviation is

Os (o} c7 O none of these
(xi). 'l;belvengepocketmoacyof 30 student is Rs. 20V-. The total amount in the

class is

O Rs. 20/- O Rs. 30/~ O Rs. 300/- QO Rs. 600/~

5 TR e YT SOt ]

=

T N CE N "-
unon.*mdm o :— -.;,-:: : 41..;.3 -
(xi). The sum of 30 ohs:mhum i5 1500. Its average will be
O 1500 O 50 O s O none of these
(xiif). The difference of the kargest snd smallest value fn the data is called
O Mean O Mode O Range O Standand deviation
(xiv). The formula Z_x determines
"
O Arithmetic Mean C Median
O Moede O GM

(x¥). What is the difference between the mean of Set B and the median of Set A?
SetA: (2,-1,7,-4.11,3)
SetB: 112,3,-3,4,7,-7)

O -05 oo O 0s o
o 2SR

(xvi). _Z_/— sealled

C Range O Medion O Ssb O Variance
{xvii). The most frequent value in the data is called its

O Mean O Median O Mode O GM

2. The ages (in years) of 27 students of 10° class are given. Prepare a frequency distribution
of suitable class iuterval,

17, 17, 16 16, 17, 16, 16, 17. 18, 18,
1S, 17, 19, 18, 18 17, 16, 15, 16, 17,
15, 19, 19, 15, 15, 16 18

3. Prepare 2 histogrm of the following table;

Brand of a | B c [ D E
car
pcocko el 120 110 J 7 169
month
4. Prepare a frequeacy polygon of the following frequency distribution.
Seore in test Frequency
0-10 2
=21 7
22-32 28
33-43 11
450 5

AR - W
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5. This table summarics the weights in kilograms of 250 boys. Represcal these

of ncumulative frequency polygon.
Welght (kg) Number of hayt
44.0-479 3
48.0-51.9 ;; freaiency table, onganized and then arranged in an orderly way in the form ofa |
520559 : ‘
$6.0-59.9 81 @ Afrequency table canbe represcated grapbically by a istogram. ‘
S 5 © Ahistogram is a vertical bar graph with no space in between the bars., ‘
- 0J. . ®© Theareaofeach baris propoetional to the i it l
64.0-67.9 e quency itrep [
e > © :: ;I: c:‘!;d:::::u ?’r :cm :c;p:l :l;‘ u: c‘t:’fuccu_iv;‘!;n in a histogram are joined by line |
i 3 4 - g
bty isobiaiued. are joined 1o the horizontal axis, a frequency
® The cumulative frequency table provide anothier way of representing a set of data. A
. ourlwhll.\‘c frequency table can be repeesented by a cumulative frequency curve known '
| The following scores were made om a 60-iteen test: asan Ogive. |
3 0 M ¥ a4 @ &6 9 8 ® The median is the middie valuc when 5 set of data s arranged in order of increasing
_— 26 31 34 37 41 42 46 0 53 magnitude, the median divides a st of data into two equal hatves. |
A5 *ui s 37 4l a0 47 1 54 The middle value of the lower balf is the lower quartile and the middle value of the
% 5 % 5 & % 7 2 & upper ll@ll_’ is the upper quartile. The lower quantile, the median and the upper quartile
; o % which divides the data into four equal pans are called quarriles. |
30 3 36 39 4 " 3 ®© Theinter quarile i i i
ofa setof numbers is the
% S 5 = = 4 » = B T lo:c :qmm;ngr of numbers is the difference between the upper quartile
(2) Group the data into class intervals of size 2, beginning with the interval 24.5-25.5, © Asetofdatacanbe described by numerical quantities called averages.
(1) Set up a frequency table far the above data. ®' Thethree common averages are the mean, the median and the mode.
(:: Build :‘: ::?‘" ::““ ":‘ oo ® The modeis the number that occurs most freguently.
{d) Draw en pram. =
(€) Find the mz h:u? e ®© The mean is the sum of values divided by the aumber of values in a set of data.
() Draw the ogive. . @' The mean of a set of grouped data 8T = %? , where x ts the middle value of the class
‘:' ;:: :: nage °: : ::‘* interval ond £ is the froquency of the class interval.
mean ta.
S y bont ©) The medion for an ol number of data is the midldle value when the data are armanged
(1) Feod the standand deviation of the data. =y ascending/descending order.
(j) Find (he variance of the data. ®© The median for an even number of data is the mean of the two middle values when the

data are arranged in ascending/descending oeder.
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INTRODUCTIONTO

TRIGNOMETRY

o M ananglein scxagesimal system (degros, minut and scoand),
R = 2 cimal formn and vice versa.
@ Coovertasangie giveain D'MS " form inta adetimal 3 <
@ Deine 2 radian (measare of e sngle in circular system) and peove e relatiouship between
radians and deprecs, :
@ Establish the sule # = o), where s the radius of the clrele, ¢ the length of circular arc and 6 the
central angle measured in radisns,
) Ve
® Prove that the sroa of 2 secsar of 8 circle is Ero b
® Define and ideatily:
-« ©  geoeral angle (coterminal angles)
o angle in steedand position
® Recopnize quadsasss and quedrantsd angles,
® Define mgoooentric mtics and thear recipeocals with tse help of a umit circle
® Recall the values of trigunomesnic racios fog 45°,40°,600,
L gnize signs of ic mutios in difTerent quadnanis
® Findthe valoss of g gy e ratias if ooe trig i Tatio is given.
® Calculsto the values of trigonometric rathos for 07, 60, | 80*, 2707, 3607,
® Provethe trigomometric idessities and apply them to show diferent wigonomuiric relations,
® Findangle of elevation 2ad depression.
L demllifepmbkmia\dving imgle of elevation =nd depression.
Sioe Tungent
2
M ’bP f‘.;}ﬂ -

07 ik 7, ItroUuLES 1 Triganseelsy — -

Why IUsImporeia

Mount Everest s Earlb's highea
mountain, peaking atan incredible
29,035 feet. The heights of
mountains ean b faund using
mgmlomcu‘y. )
Trigosomelry 15 used in
pavigation, building, and
epgineering, !':nr conturies,
Muslims wsed tngonooety amd
ths stars 10 mavigoie across the
Arnbian desert to Mccen, the [
birthplace of the prophet RS
Muhasmmad €2, the founder of
Islam. The ancient Grocks used
trigonametry 1o record the lacations of thawsands of stars and warked out the motion of the
Moon refative to Earth. Toduy, rigonometry is used 1o study the structure of DNA, the
master molecule that determines how we graw from o single cell to a complex, fully
developed adultand much mors,

Activity 3%

How surios in right tangles used in the real world?
In prrasaiting, a towrepe is used to attach (he parachute to the boat.

(2]

(2). What type of irlangle do the tawrope, water, sl beipht of the persan above the water
lorm?

(b What is it hypotersse of the isiangle

(€). What type of angle do the towrape and the water form?

(4). Which side is opposite this angle’?

(&), Other than the hypotenise, what is the side adjocent to this angle.
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e P
Y - | A Conversian of D°M'S™ form inta decimal form and vice versa g
L $ . g o " o o2 o~
WEAEN Scxagesimal system (Degree, minute and second) b Exdmple [ Convert 1530257 to decimal form. 4 SEUNTE B ———]
; ; it sixty as# . Itoriginated with the ancieq on ) sl (1 1 Use coolconversion.com
Smgaml(bnsew)lslmnncnlsyucmmmslxtyﬂﬂ“"“‘ ¥ . s rouit L_Sg!u_‘ on ) since  I'=|— and 1".(_)’ b rt 142°34'12” 1
Sumerians in the 3" millennium BC, was passed down to the ancient Babylonians, and is sti]| 60 3600 :c:ior;:l degrees. An:

used—ina modified form—for measuring time, angles and peographic coordinates.

It is a system of measurement of angles, in which angles are = | | form.

thereface, |5°30'25"-[l5+30x%+25x 1 ]- also 142.57° o D°M'S" :

measured indegrees, minutes and seconds. [fthe initial ray OA =[15405 .
| pletes one rotation in anticlock wise direction, then the angle ‘Sm'”to'mm
formed is said to be 360 degrec or 360°. I Example {B Convert 38.39° to D*M'S" form. I
One complete rotation = 360°. Solation | Since P= 60' and I'=60" = o [ |
1 . < . | _Solation | ® 0V and ¥'= - = l
AL =180° is called straight angle. -2 5]
5 of complete rotation =-180° is cal ght ang therefore, 38,39° =387+ (0.30)° 0 2 (0 O
! g ; . 38.39° w 38°4 (0.30% 60 " = 5
— of complete rotation = 90° is called right angle, ; % 60) &
4 A complete 360° rotation =38%4(23.4) 0n R @
= 3 » " =
= o - ;:';;i (T)(: :6)0)" D26 ‘
f\ % il oy TCOO® |
e [G170) Circular system (Radians) ;;
So far we have been using the measurement of 360 to denote the angle for one complete |
terminad sido rotation. However, this value is arbitrary and in some branches of mathematics, angalar i
360 150° m ment be e lently done in degrees. Thus a new unit called the radian, is [
Initial side = o introduced to describe the magnitude of an angle. This system of angular measurement, |
° ey ——— known as circular is applied specially to those branches of math ics which
s emintside 0t o < involve the differentintion and integration of trig; 3¢ ratios.
= Initial side ;‘ nd:'n is ‘hf, mcasl:_re h:f lbci- angle subtended al the centre of a circle by an arc [ equal in
ST 1 2 R gth toits radius rof the circle,
Thus one'degree is defined as the measure %0 th of a complete rotation and it is denoted In general radians is the matio of the length of an arc to Termiral side
by '1°". the radius of the circle, -
A degree is further divided into 60 equal panis called 3. 12 LIS ' le  Bmi
mis; stes and cach misute is firther subdivided into 60 equat | (1) g;'"’"" 5°42'30" to . Gt llowti ';' eadlius of circle & g ¢ |
parts called scconds. We desiote minute by (" : imal depree notation. n the following figure, the radius of circle is r an |
by("). R_ DL ) d i) C"ﬂ;!ﬂ ’71 lls'“ DAMS" lengthofanarc AB isalso r then angle subtended at T |
to decimal degree - ian i Initial side |
1° = 60 minutcs = 60 notioe. B the centre is one mdxm:x' ial i ‘
I' w60 seconds = 60" | m(AOB:;:l radian, ‘
1° = 3600° seconds=3600" . 2
& or radian is an angle sublended at the centre by an arc of length equal to radius of
49 degree 25 minutes and 15 seconds are written in symbolic form as 49°25°1 5 cir:l: ——

Wi NOT FOR
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m Relation between radians and deprees
17 ris rodius of cirele then ber of rads

in onc compl is given by
gttum(m;c of circle. circle
rodius of circle
Since circumference of circle » 2nr 2ar
. A .
T ber of radians in one complete tiation = == = 2% fadians but 2z
mdian = 360° because the circumference of acircle subtends anangle of 360"

Henee we establish a relation between angles measure in radions end the angles measyre

indegreesas follows.
2m radians=360°
= mdians = 180° ()
; radians =90° |
; § mdians =60°
% radians = 30°  and 5o on
180° ISD“'
Heace, 1 mdian === = o = 57.296° To find equivalents for
[iradian =5737) | radian and degree measure,
Similarly from (1) we have
180°= n radians
oo B _3M4159
= e o
17 = 0,01 7S1adians

WHATISA'GOOGOL" :
w-:weofhelugslmmm:vcbmnuwd It has been defined as
1 followed by ane hundred zeros;

1 03000000030000000000006HKIN00N

Wmmwmoomom
m.googo!anbeumed using exponents, a5 10

e

]!Wioﬁ 10 tngonometry 7

[ . Iz . i
I Example ~ Convert -; mdlnmlodcmc\

{ _svolutfol” , Since % radiang - 180"

A 4 3
Therefore -.,—=5080°)=.|ozxs7w

=102*5) 26 L3
i Example ] Convert 31° 45" 1o ratigms.

| Solutbn

| Since 180° » x radisns

= =T i

R | DT 2
45 3].75): I radsans
_3L75x3.14159
180
= 0.5541 rodians

radians

v Exercise 7.1
———NN

1. Convert the following argles from D*M'S” forms 10 decimal forms.

() B?1535 {if).  29°48's5
fiiy).  E47190" (), 18%'21"
2, Conver! the following angles from decimal forms to D°MS*
(i) 4228 (H). §7.328°
Ou). 1299567 (iv). 32.62%*
3. Convert the lollowing radian measures of angles into the measures of degrees.
61 2 radians (i) 535 radians
(4. 1 radians (). ﬂ radians
6 1

4, Convert the following angles in teruns of radians,
(5. 45* (). 1207
(). =210° (v} 60°3548"

180
As 3145 w3175
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W m Sector of a circle
m. Length of an are of circle

Consider a circle with centre 'O and mdius r, which sublends an angle 0 radian at the CeNre
O. Let ABis the minor arc of the circle whose length is equal to £ as shown in figure.

By the definition of radian, we have B_
Radian - Jength of an arc AB "
mdius of cirlee
o=t &)
= A
or (=r@
Which gives length of an are in terms of anple (in radian)
subtended at the center of a circle.

b Example [ Find the length of anare of aeirele of radius S cm which sublends an angle
of ? radians at the centre,

|_Solutfon -/ R
L SR
= == rad|
0 7 lans
£=7
we have
f=r0
t=5x B 28 em
4 4
Hence length of an arc = 11.78 ¢m.
b Example ({3
Find the distance travelled by a cyclist moving on a
circle of radius 15m, if be makes 3.5 resolutions.
Solution
L Selutlon I revolution = 2z radians
35 revolution =2z x3.5m

Distance travelled = / = 1
I1=15x25x 3.5 = 105n m

T T N R A S
hzxnmn‘cm Anarcoffength 2.5 ¢ sk

mofac

gameter 6em. Find the value ofg, rele ubtends an amgle 0 at he centre O of |

( s_olllﬁ_;d Here
mAB = e
iTB:&&I’-];m
mBC = 2 e
0=
We know that =19

= B

I Exawple [ 1flength of anarc ofa circleis § em which subtends 2n angle of measure
60°, find the radius of the circle.

[_s_.lndq_n___ 1 £=5m

Gxx
BoxGom 180 radians In genceal ,
= 1.047radians The length of an arc
=7 « raclian x radius of circle |
X = (1B
v gt o 5 The area of a sector
= I — |
= & 1.047 Amgrd ‘
T~ 478cm :
Hence radius of circle is 4.78¢m, ‘
Activity ;la-
N How do we the & b two points, A and B, o
Earth?

ircle with a center C, at the center of Easth. The
\.::a"::rz :::ig ?sc:::! n: lhbc dim%fmmc ta the surface. Use
the foct that Earth i a sphere of radius equal o approximasely 4000
milbes to solve the following questions, -
(a). Iftwo pointsAand B, are BMmmmuwnunileOm_mhl}und:lfi:z«s.‘
(b). lf'wopoimAmdn.arcl(l.OOOmilnapm.aptmndeq:nmmsn indegree:
(c). 116=30°, ﬁudﬂndisuxebcmml\adamhemam{l X
(d). If0~ 10*, find the distance between Aand B (o the neasest mile.




BE®W Area of sector

Consider a circle of radius r with centre O, PQ is anare which subtends an angle 0 radiany o
the centre as shown in figure.

By proportion, it 15 clear that
Area of sector POQ__ Central angle of sector
Area of circle n
Arca of sector POQ 0
= —_ ==
=r n

= Arca of sector POO--zg-xxr'
%
=  Area of sector I'OQ:%:’G

Hence, Area of sector of a circle with radius r, whose central angle is O radian is given

A= lr:O
2

i Example [

Find the area of scctor with central angle of 60° in a circular region whose radins is Sem.
|_Sotution o
= Scm

9-60‘360!% radian = 1.047 radian

Arcaof sector = %r’e

| T
-3(5) (1.047)

= 13.08cem’

What are digits? :
Digits  are actually the alphabets of pumbers. Just as we use the i

s R e twenty-six letters of
‘ma‘m,lgwmmm&etendmuo.l.2,3.4.5.6.7.8,-nd9ln

Exercise 7.2 .
e

B

;. Find £ when

4 n - -
(i ()ramdlm r=2cem (). 0=30°, rmbem
(iii) o=5%"- radian, r=6enm

5, Find © when .

@), (=Scem, r=2cm (iix  £=30cm, r=6em
(i), £= 6em, r=287cm
3 Fined r when

3 L y
(). o,gnmam,r:z:m (1) D=3%ndi¢n&,f=%m

(i), 0 _JTn radians, £ = 15cm

4. Findthearsa 9!' sector of acircle whose radius is 4 m, with central angle 12 radian.
&, Theare of acircle subtends an angle of 30° at the centre. The radius of circle is 5 em. find;
(i).  Lengthofthe arc (i) Area of sector formed.

6. Anarc of acircle sublends an angle of 2 radion at the centre. 11 the area of sector formed is
4 e’ find the radius of the circle,

7. 1a a circle of mdius 10m, find the distzuce travelled by a point moving on this circle
ifthe point makes 3.5 revoluti (3.5 revolutions = 7).

8, What is the circular measure of the angle between the hands of the waich at 3 o'clock.

g, What is the leagth of the arc APS?

10. Find the area of the sector OPR, xm
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Trigonometric Ratios
Trigonametry is a powerful tool for making indirect measurements of distance or heigh,
plays an important role in the ficld of surveying, navigation, engineening and many Ly
branches of physical science. Othey
(a) The general angle (Coterminal angles)
Angles having the same initinl and terminal sides are called coterminal angles, and they iy
by a multiple of 21t radians or 360", They are also called general angles. o
Ifle16=30" is 2 terminal angle, then it coterminal angles are 6 + 360° and 8- 3600 ; 3
and -330°as shown in the following figurcs, i g
o

B B
-
o\/ " {%
A oS X 0

e Fig®) Fig (b)
B

Combining figures a, b, ¢ we have /
Zal
&
A

To find a positive and negative SCW" 'ﬂS‘C’ (Oo‘ﬂmlﬂl!) with a given mglcr add and
b 1 360°. if th . lei {ind 2nifdh . lei i
: i ¥ ‘l 2 B * ¥ 8

coterminal angles of -;3 are

U] §+2n-?
and (i) -:-—2:
as shown in figure,

S
; : D 2 AR
ample I Find coterminal angle of oo and -6g° —
on. Since  60°4 360° = 43¢0
gautler 60° - 360 = —30¢r
(hercfore 4207 and -300° age .
Now —60°43600=30ge o e of 07,
and -60"-360° = -4

therefore 3007 and -420° are coterming]
e in standarid position

angles of - 607,
o) M il N
mXY-P“‘“" an angle is in standard position if

w ils vertex is at the onigin of a rectangular 2

4 its initial side lies along the positive x. _ui&'"‘“"“’ system and

le is said 0 be positive if it is messured in anticlock wice d: .

A aad is negative, if it is measured clockwise from +ve anty. 1 i Lo PCGYE X
il ,deisinnnu-clockmsedirection“khma“mwor ‘l;\.gaﬁ
clock wise direction makes an angle of measure - 45°, measare

v C
M N
F
SAw
O  initialside B X

(a) Quadranis
The Cartesian plane is divided into four quadrants and the angle 6 s said to be in the quadrant
where OP fies. In the dingram, 0 is in the first quadsant,

As shown in figure (b).

Y
3 Pivy)
[ /\Y
/
She =
X > X

¥
Fagdn)




<
e s

1) Quadrantal anghes
Quadrantal anples are 1hose angles whose |-:tmina.| sides
coincide with co-ordinate axes i.c. a-axis ar y-nxis. The
Quadmatal measures of angles are 0°, $0° 1807, 270° and

Unit 7 bnerocha: -;W:' 16 tigonans d jtion Lo Higremetiy A v -
£ 1 riganometsic eatios with the ey 5 mm: -
Y 1 a cirele with centre 0 and radiy i

psrder & de 0 wi % | (unit circle
Com s makes an angle 0 with the positive X-ais. f) can

S "
F,&u 5. DEw it pc_'rpcnd'wular PA 0N x-0xis, 30 that o
n / A= 070 shown in the figuge,

360%0r0, 5 =, 371 aud 2n radions as shown in figure. [a AOAP opposite sdeof 0is AP = . ndjacent
2 2 x de of 0is OA = x and hypotenuse is Op = \
v Exercise 7.3 Therefore by definition "
360~ §iaiy —
1. Find coterminal anples of the following angles. & 2 . sl m TEONE side _ APy 5
() 5§ i) -5 (i) = . == hyporemso-. OF |
2. State the quadrant in which the following angles lic? cmpuaesptoide JOA Ly o
. Bx X f Xk —5n hypotenuse  OP | X
m = () 78 (i), 818" (w). — (v). 103° SRR s,
5 4 opposite side AP
i ting= PSS APy
BEEEY Trigonometric ratios adjacent side  OA ¥
Atngonometric ratio is a ratio of lengths of two sides in 2 sight lmns!c Trigonometric ratios Hence trigonometric atios of a unit circle are
u:_ us:d to find the mc.m:c :r 3 side or .u;e a:;; angle in a right trungle. The trigonomeiric sin®=y (the y co-ordinate of F)
ratios forany acute ]
e a.ngt.ltmng n cosl=x (the x co-ordinate of 1)
sin 0 =—°22h°-’.1‘___._‘“’° of® i [ » ca-ordinate of P]
ypotenuse == L=
cos § =2djacent side of @ * x eo—ordinate of P
hypotenuse 2 Reciprocal trigonometric ratios
MQ.MG § coxcﬂ-—é:la—'l—
adjacent side of 0 Al' vy sinb
o t or 11
ondec sin@  opposite site of B “°°"6K'}'Eb?é
sec 0 =—L_ . Bypatenuse —
cos0  adjacent and cotDw 2N _ X _cosB
A y  sinb
Y (55 iid‘&ll(
ol tan O opposite G {Imporiant points to be noted) %
1160 liesin 1" Quadrant. then we can wriic 33 0<0<— ar D <D <9,

2

g T i 2. 100 lies in 2™ Quadrant, then we can wrile 28 -gs'D < or 90 <180"

. < ’ 3n e e 200
curly brown hair 3, IF 0 lies in 3" Quadsant, then we can wiite 38 ® < 6« oo 180" < 0 < 2N,
through proper brushi g '

v = 4. 160 lies in 4% Quadeang, then we can wnte as —,: <B<2r or 270" <0 <360°

— ]
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E;I ' B==R nd 60°
Values of trigonometric ratios for 45% 30° a
and 60° are given in the following tab),.
‘ o

The valucs of trigonametric ratios for 45°,30°

1
| ]
2 B
tant) 7|3' 1 ‘ﬁ
cosecd 2 V2 %
secl 72; 2 2
cotd NE) 1 7‘;

Reeognizing signs of trigonemetric ratios in different Quadrants
Signs of trigonometric ratios are different in different quadrants depeniding upon the termingg

sidcoftheangled.
(i) If 0 lies in first quadrant, theax >0,y >0
therefore sinf, cosB, tand, cosech, sech, cot®

¥

areall positive. Quadeumi 11 | ¢ ‘Quadrant |

(Fi). 1f O lies in 2* quadraat, then x < 0,y >0 Semd [ AN
therefore sinf and cosecd are positive and the positive posstive
remaining four trigonometric ratios are -y

negative,

(). If @ lies in 3% quadrant, then x < 0, y<o0
therefore tanf) and cot are positive and the
remaining four trigonometric ratios are
negative.

(iv). 1f0licsin4* quadrant, then x>0, y<Utherefore cost) and sec are positive aad the

remaining trigonometric mtios are negative,
These four results are summarized in the figure at the night.

NOT FOR SALE

g v

Mc ‘m Find the signs of the following 15
R f'“ ; E0eome

Mlvz‘.’

i 105° (i) umi
o ® 6

.-. §

‘--'ﬂ 5 Hes in 2 quadrant, therefore sin |05% gy e i e
i) %u;:mmmdhenccsignofsm 105% is positive, et

(i Sinee :(5;?_ lies in the 3" quadsant, therefore

—

Sm)_ 3n o in 3 X'
e )--!:m A also lics in 3

quadran! and it has positive sign. As
“shwn in figure.

iiiy Stace @ = 1030° = 720° + 310°, therefore it lies in 4™
s quadrant and sec 1030° in 4* quadram bas positive
siga. -
Since A = 7i0° = ‘360° + 350°,
" therefore it lies in 4 qundr.fnl and
cot 7107 in4” quadaint isnegative.

the quadrast in which angle 0 lies.

O‘l‘r)"ﬂlls
1§ sin h<0wdes0<0,
lname the quadrast 0

lie inquadeat IV, iwhiﬁimﬂl‘m"’

I Exsmple m 1§ tan 0 < 0 and cos 0= 0, name

Solution
Whentan B~
0 Ties in quisclen
(tan @< Oand cos = 1), Bmust

(1.0 lics inquadrant il or V. \\'h.cnwse»‘oi
nt 3 or 1V, When both cand tians are el



3 B‘ ing trigonometric ratlos if .
. X Finding the values of remaining trigon ane trigog,

ratioisgiven

b Example (] 1f1an0=1, find the other rigonomeric rtios, when 0 lics in firy gy

Solullang tn0=1=*

— _|'=x| and x=1
Hence by Pythagoras theorem;
(’:x“#-)"

P =) +0) =141
=2

r=2
X |

Therefore  sinfw w
r 2

1

cosf="=-

r 2
oo(ﬁ:fa!-l
g |
coscc0=£=[:‘~-w/5
» 1

me=£.£=ﬁ
X

Y.

Wt

ety

any

i_!xgmplg m Given that unes-éand 0 is in the second quadrant, find the other

function values,
(Solifong oo =2=-2.2
x 3 -3
Ly=2and x=-3
Hence by Pythagoras theorem;
=Xy

F=(=3)+(2) »9+4=13

4
u:n"‘l’“m I cos 0 = = where 0 lies in 4*
',uonumdn'c ratios.
(}_;gilji:) Given

c058s5=
5

Quadeant, fing (ke values of ogher

~ |

= x=4 and r=5
Hence by Pythagoras theorem;
P=xis y'
y =P -xt=(8) +(4) =25-16=9
P =9 =y=13
y==3( B lies in 4" quadrant.)

Therefore,
-3 3
[ P A S
sin 3 5
l.ml?i:—'-=:3—=-3
X 4 4
L -4 B
RO = —=—
o Y 33
r 5
seef=—==
s x 4
r.3
»




Unit 7 Iefroduction 1o t

| B TR L e
NN — o
“ (-.k..m,.ggmulunoﬂnnnlommkratlomm" NP A80° 2700, 3600

I XY-planc, the terminal side OP of the angle 0° coincides with OX
Therefore radius OP =r=|
or x=landy=0
w0 sin0° =2 = % =0

I

cosPe=-=-=1 =0

tan0°= 0 =

hl‘e Yiu 5

1
]
1

¢
f

ooco°=i--:;- undefined =i
¥
cosecO‘:E-%- undefined

-‘l

,
ucO‘:--!-l
¥l

The terminal side OP of angle 90° coincidss with OF .

Therefore ~ OP =r=1
or x=0 ond y=1 ¥

. y_1_ p
Hence sin90° = _-‘-l [(x=0[ y=1

g
;

o
n
el MY M|y R wimoy
]
"
o

I & P=(01)

é

v 5
1

:

—_ e D= == - -

l'w, comcides with OX
mfon: OP r=1
2‘ x=—1 and y=0

cssc, he terminal side or of angle 180°

x -l
cot180° = —: = o = undefined

{a this case, the terminal side OI’ of angle 270" coincides with or

Therefore OI’—r-l
o v=0 and yw-l




In this case, the terminal

Thercfore OP=r=1
or x=1 ond y=0

m’m’l-C:!:
1

y

side 0P of angle 360° coincides with ox

(R -{ .! = yrdefined
r 0

Summarizing all the results, we have 2 table

0O 05 30° 30= 60° o
sinf 0 X L& N}
2 2 3 |
— |
oSS N O S T R
o 3 7 J 3 ,
e 0 ‘I" " I 3 | not
Vi i | defined i
ot not: |
defined 3 1 7; 0
2
s ! fz- nA
. 2
73 defined |
conec nat 2 _"

L Yo LTRne

0 T T
TERLRGRE

v Exercise 74 =

<

od 1he signs of the following trigonometrie ratics and ell

g™ (), sin 98" () sin 1600 ": whxbm‘l’wyhgg

(v s 120° ). covec 195° :I::: tan 2000
2. Fnd the trigonometnic ratios of the following angles. sin 460°

fip —180° fiy :

(iv) 1470 & m. e

0 lics i

3. 1fsecd = 14“’“"‘“ ies in 4" quadrant, find the other values of igonametie s
4 15sin 0 =5 =0d 5 <0 = then find other trigonometric ratios.
&, Find the values of

(1), 2sin 457 cos 45° filp tanblr” - aadl” tii) oSt

| = wnél® ando’ 4inds® - m?;

fiv)  and0” wad/l® = ands® v)
6. In which quadrant G lies?
(). sinB>0 waB>0 (1) sinB<0, cotf>0 Gk nB50, cosB<l
(ivy cosh=O cosecB<0 1¥)  tanB <0, sch>0 U cos8<h, anb<n
7. Foe each triangle, find each missing measure ta two decimal places,
fuy 1)

(2]
X
s 21°
x
x
32 73
12

B. The irregular blue shape in the disgram
represents o luke The distance scross he
lake, @, is unknown, To find this distunce,
surveyor toak the measureneTds shown
in the figute, Whist 3 the distance 251058
the lake?

€05 = cos= —sin Jsin
s — 4N =5 -
16 g zh




i

Trigonometric identities

| ST T
T A A e /=0T kroducion

For any realnumbar B, we have following fundamental trigonometric identities.

(i) cos O+sin’B=| (i) 1+ B=sec’

Proof  Consider a right triangle ABC in which
m£ACB=90°, mZBAC=0
mABwc,mAC=b and mCB=2a

b .

Then we have sin0=%.coso-; (1)
a c =

= =— "

anf 5 secl r (i1

cot0=2, cosecd=S (i)
a a
3 By Pythaguras theorem
‘.3 - b: .a: (iv)
Dividing both sides by ¢*, we have

Putting the values of 2 and 2 from (i), we got
C c

1=(cosB)’ +(sinB)
= I=cos B+ 0
or  |cos’0xsin6=1] )
Now dividing equstion (iv) by b, we have
(‘: b.‘ a:
o

5] -+(5
b b
Pulting values from (i), we get
(sec@)’ = 1+(1an0)
= sec'B=1+1a070

or 14 tan” 0 wsec’ 0

(i) 1+ cot’ B=cosec’y

i

- 7 Jeeraducticn 20 tHgonsmetny
z Agiin dividing Eq. () bya’ | we haye
¢ 8 e
¢ & o
ey b
(5) (2]«
putting values from (3), we pet
+ (cosecd)’ w(coth) 51

= cosec’ B =cot Q4|
c ey

jExample {3 Show thar (sin®+cos6)’ =14 25incasg

~ Salution LHS = (sind+cos BY

=sin’ B+ c05* 0+ 2 sinfcasd

=1+ 2sinBeosh
=RHS
Henee (sin@+cos0)° = | +2sinfcos

[ Example [B] Prove that sin 0 =1 -cos 8

Solution  As we know tha
cos’ 04 sin’ O w |
= sin'O=l-cos’d

= vin® = J1—cos 0

Which is the required result

/1 sin'h_

I Example 55 Prove that *—-220= ot
sinf
.2
Solution LHS o Jiosin 0
snf

As we koow that
cos Nasin' D=1
= s l=)-sia’n
3
dous'0 _eosO 0 pis

Henee  LHS ~ —n
? sin0  sinl)

[-:sin’e.nmw.l}
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b Example [B) Prove that ;«!onn:l 8= 0 applications of right triangle trigonometry
@ LHS = qec 04 tan’ 0 .),hu!');e e angle made with an imaginary borizantl
LS : a0 invol ‘As shown in the figure , an angle formed by o
. . ;;Té *;.?6 fine: 1al line and the line of sight to an object that iy
x : e fhe horizontal Tine is calicd the angle of !
l4sid?d (i) ‘b";‘m The angle fonned by a horizoatal finc and
cos' B ‘k‘linc of sight 10 an object that is below the
As we koow thd, P ' :” m||im:iscalluhhcnngkofdcpwcstion.
cos*O+sin 0= oeiZOf
|| Example ) Anacrial photographer who photographs a farm house foracompany has

d from experience that the best photo is taken at 3 height of approximately 475

= cosf=l-sin 0
of 850 fi from the farmhouse, Whatis the angle of depeession from the planeto

Putting valoe of cos’ 0 in (i), we get
.1
LHSs =880 _pns

detemting
and s distance
{he house?

j-sin'@ =
Hen " Solution |
e 1+ sin'8 ‘ W Jines are cut by a transversal, altemate ~"**
sec’ O+ tan’ O = BT interiorangles are equal. Thus the angle of depression
-5 from the planc to the house,, is equal to the angle of
75 elevatioa from the house to the plane, so we can use
v Exercise 7. t the right triangle shown in the figure. Since we know
Prove ihe following trigonosictrc identities: \he side opposite ZB and the hypotenuse, we can find
b (sec’0-Ijcos’ 0= sin’@ 2 nBesecOn 2300 e Drymingacrn ﬁllldlon..‘
cost sinf=sinB= —75—/' =0.5588
3, (cosB-sinB) =1-2sin0cosd 4 cos'®—sin'0=2c0s’ 01 -
0=33°

1-sia0 _ cos0
ces@  1+sinh
7. sinfyi+tn’ 6 =1an0 8. J1=3i

cosdwf1-sin'@ I Example f1}] Tomeasure cloud heightat night,

S unb+cot B = seclcosechd 6.
Thus the angle of depression is approximately 342

X |
9. (14 cos0){1- cos0) = = 10, cosx-cosx sin® x = cos’ x a vertical beam of light is directed on a spot on the
sz Locoss z;mc 12, _Sinx__1-cosx xld. l'-‘l:mn al p-):n|| 135 N nw:y from l‘!\c liislﬁ
st — = 2cosec X e ree, the angle of elevation 1o 1 t 1o
T - gle of elevation 1o the spot ts foun
lv:losx sinx COsKx  sinx be67.35°. Find the height of the cloud.
13, + w2420 a 14, cos™h -~ sin'h = | - 2sin’b 8ol
l_+ cosq  |-cosa = { Soluﬁii_'ﬂ ; From the figure, we have tan 67.35° [
15, S+ cosy  cos)y - siny ‘
B P y "“‘““;y—' SO0y cosee tan6h7.35° = =%
i oy 135 Trigoaametry helps to find the height of
b (8201 — tam ) = 12T s ° buildimgs and movntains, Clinometer 15
h=135tan 67.35° w324 nsed to obtain the angle of clevation of

1+sin ' :
1 e i 0 o Em: The height of the cloud is abaut 324 fi. the top ofan abject.



o b Example Prove that sec’ 64 m:n’owm
__Solgtion=) LHS =sec’ 0+’ 0
1, s
Tcos'D cos'D
LA ()
cos' 0

As we know that,
ms: 0+ sin’ 0=1
=  cos'B=l-5in'0
Putting vatue of cos’ 8 in (i), we get

(o™ J
Ls=12310 _pus
I—si 0
Hence,
W
scc=a*m=e='”“.",°
1-sin' B

v  Exercise 7.5 -
———

Prove the following triganometric identities,

3 1+ sinf
L (sec’0-1)cos’0= s’ @ 2. tanb+scch= ;060
3. (cosO-sin6) =1-2sinfcoes0 4, cos'0 - sin’ 6 =2c0s 01

I-sin0 _ cosf
cos0  1+sin0

7. 5in0Yl+tan’ 6 =tand 8  cosOwl-5in' 0

9. (1+cosOH(i-cusl)=

5. tan®+cot 0 = seclcosech

. 3
3 10. cos x-cos x sin’ x = cos’ x
cosee B !
sinx _l-cosx

siny  lecosx -
Aamreematel oo f l+cosy  sinx

l+cosx  sinx
1 1
13, +
| +cosa 1-cosa
Sin V4 cosy  Cosy - sin
15, 30 Y . L0s) ¥
siny cus y
1-sin x
; T4sinx
17. sin x tan ¥ + cos & = sec x,

Mithmiics ]

1

=25 2oty 14, cos’b - sin*b = | — 2sin’d

=500y COSEC )

16. (sec x —tan x)° «

Angle of Elevation and Depressig
wlicalions of n_ghl lr?:mgle TriEonomey

::N,m the angle made with an magjnaryg:orimmﬂ

As shown in the figure , an angle formneg by a
m’imm| line :!nd the lu'u: of_ sight 1o an object tharjy |
abave the horizontal line is calicd the angle of |
clevation, The angle formed by a horizontal ling and |
the linc of sight o an object that is below yhe |
horizontal line is called the angle of depression, .

i Example B Anacrial photographer who photg

deternuricd t‘m;_\sc;g;ngncu that the best pheto i mf_"" :": :?;: :t;m foracompany hay
andadistance o om the farmhouse, What isthe anple of o D mately 475
the house? Pression from the plane 1o

Solution
When paratlel lines are cut by a transversal, altenuage «++=-
interiorangles are equal, Thus the angle of depression
from the plane to the house 0, is cqual 1o the angle of
elevation from the house to the plane, 5o we can yse
the right triangle shown in the figure, Since we know
the side opposite £B and the hypotenuse, we can fing

ZBby using the sine unction.
. . 475
sin 0 =« sin B = —=£
3507 ={.5588

0 =34°
Thus the angle of depression is approximately 34%,

b Example 3] To measure cloud heightat night,

a vertical beam of light is directed on a spot on the

cloud. From a point 135 fi away from the light

source, the angle of elevation to the spot is found 1o
= b267.35% Findthe height of the cloud.

L Sblnllil_t: From the figure, we have tan 67.35°

tan67,35% =

135 Trigonametry belps 10 find the height of
Ih= 135 tan 67.35° = 324 buildings a . Ll &
an 67.35% 324 nsad 1o cbeain the angle of elevation of

The height of the cloud is about 324 ft,

the top of anobject.
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I Example m

A light house is 300 meter above the s TR R
{liuht house are 307 and 45° respectively. IHIDS Joming We boats pasgeg
m&m:mﬁéﬂm housc, find the distance between tlie boats when they ane an (b,

same side of the light bouse.

Solution
Let boats are at point € and D respectively.
Height of tight house m AR = 300m

Nistance betwacn o boats mCh ="
Angles of depression are m £ EBD =307 and mZEBC =45°
But  mZEBD=ms BDA and mLEBC = mZBCA
Therefore  mZBDA» 3P and m £ BCA= 45"
Consider AABRC
— e
5= = 208
mAC

1= 30m
mAC :
o mAC=300m ()

Now

a level. Angles of depression af 1y,

Consifier A ABD x
il
—
— mAD = mAC + wCD
B mAC + mCD
Putting value of mAC fram (i),

tan 30" =

l= 300
B w0sch

= 300+mCD=300J3

= mCD=30043-300
m('—D=300(\/5-l]m =219.6m

Hence distance betwesn two boats is 219.6 m.

———— —

e X

v
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Exercise 7,6
=

iiling that is 21 metres tall casts o shadow

1. :,:;.FM the angle of elevation of the sup 1o «h?fn'::',:?, *

degree: 150 m al
Jight house s 150 m uhove the sea feyed. A

1A p:;",im of a boal rum it o is 60°. Fing the g,
petween the boatand the lighthouss,
wree is 30 m bigh. Find the angle of elevation of i

:ﬂ int, on the ground 100 m away from the rmur:'r:.opm
From the mp‘of hill 240 m high, measure of the an)

4 depression ol'the top and boltom of minaret are 360 ai:‘r.gf

crively. Finet the height of minaret,

5, A police helicopter is fiying at BOO feet, A seolen car is
sighted at an angle of depression of 72°. Find the distance of
the stolen car, 1o the nearest foot, from a poin: dicectly
pelow the belicopter,

6. A light house is 300 m above the sea level. The anyle of
depression of two boats from the tap of light house aze 3¢
and 45° respectively. If lhcllinc of joining of the boats
passes through the foot of light house, find the distance
between two boats when they are on the opposite side of the
light bouse.

7. Theangle of'clevation of the top of a cliffis 302, Walking 210 maire from thse point sowards
the chiff, the angle of elevation becomes 437, Find the beight of cliff

E}ngif!- ;r"}
Find the ervor
Zia amd Rabia are finding the height of the hill

L

Za Rata
‘.l n.,
sintrn ) (T psee X
. r ] sin 60
lSS!)(mnlS"l “x ' | 560 (sinl5%) =x
] ! 45=x

150 = 4

Who s correct?




1. At the end of cach question, four circles are given, Fill in the carreet carele only
(11 I an object is abave the level of ohserver then the angle formed between e
horizontal line and ohserver's line of sight iscalled
© angle of depression O angle of elevation

O obtuse angle QO nonc of the above
) cot = ’
n anl) o 1 o Eq:‘_) A _l
cos cosh sin ) sin )
(i)l etani0e
O sin'f O cos' O cosee’d O sec’d
(v) If tan =1 then sin0=_ __when O lies in 3" quadrant,
| -1 1
o= o= O - B ot
2 2 N;] .

(v). Sin (-350°) Hesin .
O Mauuinnt 0 2 qudnant O W qudmnt © 4" quadrant
(vip 45"=_ _ radian
R
O~ ol 2 E
Y 1 O ~ O 3

{vu). IMNthe measure of the hypotenuse of o ri i
. et triangleds § fect an ‘B3 5K, what i
the measure of the log adiscent 1o ZB? b Gl

O 42402 0O 80017 O 010060 O 26496

(viti). Find the value of 1an P 1o the nearest tenth

C s Q05

004 0 0l
(1x). RT is equal to TS. What is #$?

0 26 Q23 0 4f3

(%) RT is cqual to TS, What is 257
0 25 o300 0 43¢

T 0T e vdietion tomgh;‘;j"—‘\ W“’ﬁa;‘m to trigonomesn

1. Coavert 45735'30" inma decimal foem,

3. Convert 216.67" into D°M'S" form,

. Through how many raddians does & minate of a clock turn through
(i) in45 minutes (i), inone bour,

5, Find coterminal angle of 1907 and -250°,

& Fied (riganometric ratios of

(1). 390" (i), 2409
7.Provethal
_ [i=sm0 i
[ Y =sech-tanf (i), 2cos ) secB~tan D cotl =1

8. If sec © = 2 and © does not lie in first quadrant. Find
rempining INgonometric ratios.

9, Refer tothe diagram shown.
\Whatis the height of the building?

11, From a point on level ground 1235 feet from the base of a tower,
the angle of elevation is 57.2°. Approximate the height of the
tower to the nearest foot.

The Amazing number 1,089

1089+ 1 =1089 1089 + 9 = 9801
1089+ 2=2178 1089+ 8 =8712
1089 » 3 = 3267 1089+ 7 =7623
1089 » 4 = 4356 1089+ 6 =6534

A uni memmm.
lqm:s:i:=1.ossi= 65% - 56
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910

- subtended at the centre of acircle of anarcw

; eojcmhal anplesare angl

union of two rays which have a common point (vertex). One of the ray iy

cr ray is called 'lerminal side’.
nds) is the system of measurcment of ap

Anangleisa

called ‘initial side’ and oth
o , minutes, seco

Sexagesimal system (degrees, vy R AT s el

angle in which onc complete rotation is
360°. One degree is divided into 60 parts calle .
apindividediMowpmalledsmMs.mmasw (

unit of measure of angle is radian. One radian is an angle
‘hose length is equal to radius of the circle,

lled minutes, written as 60'and one minute i

1n Circular system (radians)

es having the same initial and terminal sides and differ by a
multiple of 2 radsans or 360°. They are also called general angles.
Angles are in standard position if the vertex of an angle lis at the origin. and initial
side lies on positive x-axis.
Quadrantsarc obtained when XY-planc is divided into four equal parts.
Quadrant anglesare 07,90, 1807, 270, 360°.
Relationship between radian and degree measure
l'-l—?ﬁ radian = 0.0175 radian and | radian = ['-:-ojs 57.295 degrees.
Relation between central angle and arc length of a circle: /= r@
1
Ares of a circular sector, A=57'0
two or more than two angles with the same initial and terminal sides are colled
colerminal angles,
There are six mgwomcmc ratios: sin 6, cos 0, tan 8, sec B, cot 0, cosec 6.

Trigonometric identitics are

() cos’@+sin'B=1

(b) I4tan’0=sec'0

(€) 1+cot’0 = cosec’®
Angle of elevation is the angle between the bonizontal line and observer's li ight
-tk eyl ) ine server's line of sig
Angle of depressionis the angle between the horizontal Ii d i rhy

Jookingatthe s e and observer's line of sieht

W\

7 Unit 7 bntenduction 1o i"gono'm.i;:’-
.'.m*

PROJECTION OF A SipE
OF ATRIANGLE

jn this unit the students will be able to
j',nmhe following theorems along with corollaries and spply them 1o salve, e

tnan obtusc-angled n!anmle. the.sqmm an the side opposite to the i
o of the squaares on the sides containing the obtuse angle together wimfm" e
by cee °""',"‘“,;, ,mdabepmdlecunn on it of the othes, e
@ [nany triangle, the square on the side oppasise 1o an acute angle is equal ta the Squares
an the sides containing that acute angle diminished by twice the r:l:ngle ms::l::du:y ans of

(hase sides and the projection on itof the other.
@ Inany triangle, the sum of the squares on any twosides s equal to twice the square on halfthe thind

side together with twice the square on the median which bisects the thind side (A
Theorem). pallocscs

In geometry, Apollonius's theorem is a theorem relating the
Jength of a median of a triangle 1o he lengths of its side. It
states that “the sum of the squares of any two sides of any
triangle equals twice the squarc on hall the third side,
together with twice fhe square on the median bisecting the

thind side™.

Specifically, in any inangle A8C, if AD is a median, then
W+ e = 2 (140] +18DY)

It is = spovial case of Stewart’s lsarem. For an isosceles

Itlamghe with L1} = |40, the edian AD is perpendicular 10

BCand the thevrem reduces 10 the Pythagorean Theorem for £

triangle ADB (or triangle ADC). From the foct that the

di, Is of n parallelogram bisect exch other, the thearem

s equavalent 1o the parallelogram law.

Thetheorent is named afier Apollonius of Perga.




"'-&.x"‘?j' e

= ajeciort of 0'sid€ o] @ Miangle’
Ut}‘ Pr*nim o] o side oj' ° M't ﬂ};—'—_— e

Math formula / (Apollonius theorem) ]

ITAD is the median, then:
(mATH) + (mAC) 2[{(mAD) e{mBDY ]

B

In an obtusc-angled triangle, the squarc an the side
opposite to the obtuse angle is equal to the sum of the
squares on the sides containing the obtuse angle
together with twice the rectangle contained by onc of

the sides, and the projection anit of the other.
Given

h

\
[
i
i

“ cC o —

In AMBC, ZCis the obtuse angle. Let mBC = - a, mAC =b and mAB =¢. AD D is the
perpendicular from A to B5C BC (produced) so that CD isthe projection of "AC on BC. Let

mCD =p and mAD =h.
To prove

(mAB) = (WBC ) + (mCA ) +2(mBC ) (mTD)

or & =a+b +2ap

Proof
S Reasons
lnnn#ungledmlng!cAADB o
(mAB) (mao).(mm) e
Pnha_somslhcorcm
or  (mABY =(mBC+mCD) +(mADY mBD = mBC + mCD

or (mAB) =(mBC) +HmeD)
OZ(ME)-(mEH(mEr—»(i)

Again in the nghlanglcdmmgledwc
(mAC) (mCD) o(mAD)

o (mAC) ~(wCD) =(m4D) —s(ii)

so that (i) becomes

(waB) =(mBC) +(mCD )

(x+y) = 4y +2xp

Pythagoras theorem.
Equal can be subtracted
from the equal without
changing the value.
Putting the value of
(M-E)’ from (i1} in (¥).

p—t

(wiB) =(wBC) +(mac)

A=a +b +2ap

N e
2(mBC )-(m €D Ys(mac AC) -(MCD)

‘2{‘":7"6 )'(‘"2'7; ) + ("’6)’ _(ma)l
(i B) =(nTC) +(w 7T 42w T D)

Commutative propent;
of addition of real d
nambers,

The difference in two
cqual numbers is zero.

Corollary - I
In @ A4BC with obluse angle at C. If BD is
perpendicular on AC produced and m BC=mAC
then prove that y
(ABY=2 (AC) (AD)
ar
¢ =2(b) (b+p)

Given ] c b A
A AABC having an vbinse angle m/ZACH o
mBC =mAC and BDis perpendicular on AC produced.
To prove
(mAB)’ = 2mAC) (mAD)
or
¢ =2b(b+p)
Proof v
Statement Reasons
By Theotem §.1

(mABY= (MBC)+ (MAC)+2(mAC) (mCD)
= (MAC)'+ (mAC)+2(mAC) (mCD)
= AmACY*+ 2mAC) (CD)
= 2(mAC) (MAC + mCD)

- Z(m'A—C)‘(m—A-B)

(mAB)= 2mAC) (mAD) or

Point C is inbetween AD

¢ =2b(b+p)
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In any triangle, 1 the side opposite to an cutc angle is cqual 10 the sum of
ml::n&cﬂt:;z:g:w that nn:: angle diminished twice the rectangle conuu'md:;
one of those sides, and the projection on it of the other.

Given

The given trangle is either acutc as in figure (a) or obtuse a5 in figure (b). In the AMBC,
mZCis acute. AD is the perpendicular from A to CB (produced if necessary as in figure b)
50 that CD is the projection of CA on CB . Let us denote mBC=a,mAC=b,m AB=c,
mCh=p, the projection and mAD = by,

To prove

(w48 =(mBC) +(mAC) ~2(mBC)-(m D)

Y ‘&ndbswen]idw: = -
\?‘ proaf h

" Stiflements .

3ADD is a right-triangle

w8 = (mBD)' + (m ADY
Also mBD + mCD = mBC ...
(wAB) =(mBC-mCD)
+(mﬁ)’ — ()
Again mBD +mBC = mCD
Am#8) =(wCD-mBC)

o(mE)’ -

But the R.H.S of (i) and (ii) are the same 5o we
can select any one of the above equations.
Thus from (i), we have

(wAB) =(wBC) +(meD)
-2(m BC) (m CD)+ (m AD)
or (wAB) =(wBC) +(mCD) +(m D)
-2AmBC)mCD)—
But(m CB) + (m AD) (m ACY —(1v)
AwB) = (w BV +(w3C)
-2(m BC)-(m CD)

o Cwalsh-2p

Segment addition Postulie gy q)

MB? = mﬁ - ..6

&smu' O_d_dmon pastulate (g b)
Since mBD = mCp -~ mBC
(mBC-mCD) =(mTh- maC)

Commusative property of addition of
real numbers.

By Pythagoeus theqrem.

Using IV in 1L,

[ DK

‘Some add multiplications

37037037037 x 9=
13717421 x 9 = 123456789

333333333333
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1. In MBC, m AB = bent,
$ e, Find mAC. -

2. In ABC, m AB =dem, m BC = s ject!

3. In MBC, a=7.b-ll,c-8.C:lcuh1:mcpmyecuonof AC on AB.

4In apanlltlognmABCD.mAB-Jcm.mAC-
angles of the paralielogrmem are obtuse,

(Apollonius Theorem)

: fthe squares on any two sides is equal to twice the square on half the
:;:’u"}:"ﬂ:emm n:: the square on the median which bisects the third side

(Apotlonius' theorem)
/\ %
B B D G & B D
Fig. (a) Fig. (b)
Given
Inthe AABC, AE is the median drawn from the vertex A to BC,
To prove
(mAB) + (mAC) =2(mEB) +2(mEd)
Construction
From A, draw

“AD L BC (produced if pecessary)

wBC = 10em, B =120°, The projection of BC on A7 is
Sem, m AC = Tem, Find the projection of BCon AR,

Jem. m AD= Sem. Find which of the

el Eﬁa

Statements

F=—" AdBD and AADC are n;ghl trianglcs,
s-:nﬁ)' =(~|75)‘ H{mBD) —s(1)

(mj{-ﬂ")’ =(m
Thereforc, (wB) +{mAC) =2(m D)

AwBD) +(mBCY

=D) +(mDC) —(2)

gut m BD = m BE +m ED

o that the last result becomes
— —

m(?ﬁ]! +lmdAC )x = AmAD)

y(mB_E:+ME—D-): +(m£TC]X —(3)

Since ME-C = lrlE—£ = mE_—D
and mDC =mED-mEC
(mDC) =(mEC - mED)

- (mffj—mE_(.‘)2 —(4)
so any one of these values can be put in place of
(mDC ): and thus (3) becomes

(mAB) + (wAC) =2(maDY
+ (mBE +mED)’ +(mEC -mED)
ot(mAB) + (mAC) =2(mAD)
(wBEY +(wEDY + 2 mBE) (mED)
+(wEC)' + (mEDY ~2(mEC)-(mED)
or{mABY «(mAC) =2(mAD)
+(mEDY +(mEDY +(mBEY +(mEC)

onstruction
Pythagoras theorem

Pythagoras thearem

Adding (1) and (2)

Segments addition postulate

From construction in figure (a)
From coastruction in figure (b)

From algebra(a—b)’ =(b-a)’

Using (4) in (3)

+ from algebra
(a+b) =a' +b +2ab and

la—b) =a' +b' ~2ab

Using commutative pzaperty
of addition for real numhzcs,

—
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+2( mBE)-(mED)-2(mEC)- (mED)

or (mAB) +(mAc) =2(mAD) »mBE =mEC as AF is e

e G ; median,

«2(mED) +(mBEY +(mBE)

+2(mBE).(mED) - 2(mBE). (wED)

ot nAB) + mAC) = Z[OMT)): +(nr£7)):] £ S

+2(mBE) —(5)

But (mAD) + (wED) = (wAE) —(6) i (6 il

T o sy | SR e Using (6) in (5),
AmAB) +(mAC) = 20mAE) +2(mBE) AT k)
orlmAB) + (mAC) = 2mEB) +2AmEA) mAE = mEA

v Exercise 8.2

- Using Apollonius theorem find the length of the medians of a triangle having sides 1¢
om, 12 cm and 16 em respectively.

InAABC, D is the mid-point of BC. Find

the length of the median if mAR

=dem,
mBC =5cm and mAC =6cm. ,.//‘A
AABC is given with mBC = dem, mAC = 12em and m/C = 120°. ///v' .
Find mCD, mAD, mAB and then verify Apollonius theorem, Azem
120/ |
< - Hp
B dom C

4. MBC is a right triangle with m£5 = 90° and BD | AC. If mAB = 6cm and mBC= Sem,
find mAD and mCD. Venify your answer with Pythagorean theorem,

— Y 4 Y
How to prove a, b. ¢ fruy : I'JISEIII:mgG \ ;
an acute, right or obtuse = ¢ nghtiriangle N
wriangle? >¢? acutetriangle \
Where ¢ is the largest side \

~q-

1At the end of cach question, four circles ane
(i). Phythagoras was o fan

O Indian O Greek
(ii). Apollonius was borm jn .

O Pema O Istanbul O Islanubad O Kabal
(iii). Apollonius is the name of 3 .

O City O Town O Counry

Q  Mathematician
2.Find the projection of the side of measure 10 gnigy upan the side of measure 17 units
inatriangle whose sides respectively have measures 10, 17 and 2) umits

3. MBC is a right -triangle with mZ A= 90° | From the verte:

ng/ A A perpendicular AD is
drawn 0a BC. I mAB =5 cm, mAC =8 cm, Find mBC, mAD and mBD,

4.Tn the above question, BE is a median. Find mBE using
a, Pvthagoras theorem

b, Apollonius theorem
5, Find b, x and y in the figure.

@ A median of a trangle is o sepment from ane vertex of the triangde 1o the midpoint of the
opposite side, . )
© lr‘:‘;n obtusc-angled triangle, the square on the side appasite mlﬂleobt:sc :.gk t:l :;;ﬁ
= tothe sum of the squares on the sides containing the obtuse ang : m:;
rectangle comtained by one ofthe sides, and tbe progection on 1;0. . m.m B
©) Inany triangle, the square on the side opposite toanncute an’gm: l;;q:lw e o et
- squares on the sides containing that scute angle dxm;:n;: oy
contined by one of these sides and the projectios 00 !l e .m i s
(© Inany wmangle, the sum of the squares ca any two ”g:::;q‘::which 0 Soags
= half the third side together with twice the square o
side (Apollonius” Theorem),




CHORDS OF A
CIRCLE

: ! L ";ll“,‘l‘j)LJ:‘j

To prove the following theorems along with corollasies and apply them 1o solve approprise

problems.

® Oncandonly one cirele can pass ihrough theee non- collingar points.

® Astraight line, drawn from the centre of 3 circle o biseet a chord
(which is not a diameter) is pespendicalar to the chord.

® TPerpendicular from the centre of a cirele on a chord hiseets i

® Iftwo chords of a circle are congruent then they will be equidistant
from the centre,

® Tuwo chords of a circle which are equidistant from the centre are

congruent,

[ Why isimporiant CY)

One of the most useful applications of the circles is the wheel. From ancient times until today,
the wheel has made an enormous contnibution to progress in travel, transportation, indusiry,
and other clements of civilization,

A clrele is the set of all points in a plane that are equidistant from a given point in the planc
known as the cepter of the circle. A radius (plural, radii) is a line segment from the centre of
the cirele 1o a point on the circle.

A chord is a line segment whose endpoints lie on the
circumference of a circle, It divides a circle into two
segments. The larger part is called major segment and the
smaller part, the minor segment, If the chord happens to
be a diameter, cach segment is a semicircle. A diameter
15 a chord that contains the centre of a circle. A circle can
be named by using the symbol @ and the center of the
circle, The circle inthe illustration is @ P, orcircle P,

‘Tﬁ‘f"cm’d‘ojo(l'ﬂ' '7"' T4 --v’-'.'-.'

e ——

One and only one circle can pass thraugh heee nen-collinear peln

s,
| Glven
A, Bond Care three non-collingar paints,
["To prove
O and only onc circle canpass throagh the poinis A, B and C.
[ Construction
Join B to A and C, Draw perpendicular biseetors :\'Ii' ”
7{0[ AB and BC respectively, which intetsect ot O, Join

OwA, Band C,
: Proof
o= Statements [ Reioeis
In AOAD +— AOBD |
ZLODA= LODB Bath are right angles.
AD=BD D 5 the mid-point of AB
—_ Common,
op=0D S.AS pastulate,
. AOAD = AOBD Corresponding sides of congroent
P triangles.
<O4B0Y 0] Both are right angles.
Again in AOBE «—— AOCE E is the midpoint of 8C
£ OEE A(BE c & .
BE=EC S.AS postulate.
OF =0F Corresponiding sides of congruent
% triangles.
= AOBE 2 AOCE
L O0B=0C —(ii)
From (i) and (if), O = OB=0C Transitive peopesty of congraence.
= mOA = mO8 =m0OC .
It means that the point O is crqmdlsm;:
from the three points A, B, C. Therefore 2 cire’e
with centre O and radius mOA of nr(—)B‘ or m()(()
will pass through the points A, B and C. Suv:elz
is the only point which is cquidistant froen | |
points A,B and C, Therefore one and caly coc|
circle can pass through these three nan-collinear
points. 5 ;
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Fhichuenis?

A straight line, drawn from the centre of a cirele fo hisect a chord (Which iy pgg a
diameter) Is perpendicular to the chord.

Given
A cirele with centre at (. 48 s a chord of the circle.
| Nisthemid pointof 48 which is joined to 0.

To prove
ON L 4B
Construction u
Jom Qo Aand B,
Proof A
Statements Reasnis
In AQAN «—— AOBN
Q4308 Radii of a given circle
AN = BN Given
ON =ON Common
. AOAN = AOBN S8S5=588
LnLe L2 Corresponding angles of the congruent
triangles
Bat  mdlems2=|80° —(7) Supplementary angles postulate
SmLl=mLd =907
Hence ON L AB emZl e s

' Evample §0 10O, i PM L AT, pT =10, and PM = §, find MT.

Solation_; /PMT s a right angle. Ot o penndicilar
LPMT is a nghi lﬁm¢ ¢ reckd rangle
(MTE = (901F « (pTR Pythazoran Tvorm ‘
MIP = 1= @ Peplace P2 with & and PT with 10 B

MTF = 64 = 100

ATP + 83 - 4 = 100 61 Subtract 64 froms eack side
M7 = 3% Souphs

VIMTP = \/32 Take the squure pyot of exch

MT =6 _’\uu;:([ll'(_

TCORSAIE

& = 54: 907 = 01y

s skde

of o e Vr. Ut 9 Oreeds 0f 0 ecle

perpendicnlar from the ceatre f i cirese nachord biseeys iy

Given
Acircle with centre at O, A48 iy g chonl. ON

LB,
To prove
AN = BN
Construction B
JoinOto Aand B,
Proof
Ly —— Reasnng
In ALON «—— ABON
ZONA = ZONB Right angles
ON =0N comanon
T '2. Radii of the same ¢ircle
OA=08B
S AAON = ABON HS zHS )
Hence AN =BV mﬂdﬁ! sides of cengruen:

b Exanmp!
©P has a radius of § em.and PX is 3 em
PR is perpendicular o AB a1 paine X. Find AB.

Solution
By the Pythagorean theorem:

(AX) = 8- ¥
(AX) = 16
AX~4 e
By the radius and chord theorem, PR bisects AB, so

BX=AX =4,
Therelore, AB = AX < BX = 4 + 4= S em.

NOTEORSALE Bl B

pp———n .



Uni § Cheeds of a dircle . . .
- dRZ L XY. ' |
‘ te ) 1n OR, XY = 30, RX =17, and |
| Example £} In OR,

Find the distance from R to XY. -

! Iftwo chordsofo circleare conprpeny hen they win fye cquidistant fram the centre. [
-rl g d Glven o .
o distance from B to XY O ' A circle with ceatre O, AB and TD are tyo congrueat
The meseure VS, RZ biscets XY, by | choeds ofthe circle,
is A 5 To prove
Theorem 9.3, Thus, X2 = }30 or | ) 30 — e idi
triangle RZX, the following equation A8 and CD are equidistant from the centre 0,
l " For dight Stfen. ! Coustruction "l
can be W:' P Pythagorean Theorem Join O to A and C. Al;so draw Petpendiculars OF ang GF
(RZ)* + (T;F b Replace XZ with 15 and RX with 17, on the iven chords A5 and CB respectively,
(R(zrt’;;+m-m 18 =226,17 = 289 Proof
RZ)® + 225 - 225 = 269 = 225 Subtract 225 froms cach side. —_ Staiements F\ o
(RZ) = 64 Simplify. Since OF L AB and OF 1 CD | Construction
VRZE = Vi Take the square root of each side. -~ AE = EB aod CF = DF By the use of Theorem 9.3,
RZ =R Simplify. Ot mAE =mEB and mCF =m DF
The distance from R to XY, or RZ, is 8 units. But  mAB = mCD Given
9.1 or mAE +mER =mC—F'+m‘lF chmcunddiﬁogpom.m
e o from e et m AE +m AE = mCF +mCF | *mEB = wiE i mDFF m nTF
Bl ichis 10 cm from \ o Ty Adds i o
; 0cam, find the bength of a chord whi gl 2m AE = 2mCF dding equal quantities
Al B e, long ur ts distance from the centre is 18 cm. Find the e Dividing both sides by 2,
ks a i ” ) ) mA ;
:T:m dinmetﬂ onho:::cil;:lc is 5 units long. How far from the centre is a chord which is 4 units or AE 2 CF — 0}
g length, , — Now in AHOE «— ACOF
4. Achord of a circle is § cm in Jength is drawn § em from the centre. Find the length o O4=0C Radii of the same circle
. Acl ) i .1 i From (i) proved abave
5 ::,::‘ length of's chond that is 2 a distance of Sem from the centre of a circle with mdius Sem, AE = CF—— (i) Right angles
> i i Lo - ZAEO = 2CFO HS = HS
"l"d‘*Q'Q‘\:J'XY'QT'LYZ'QWES'QT-S . “ AMOE = ACOF Comsponﬁncniduofrhccomr
and YT = 12, Find XY. e S S BACOR triangles.
OE = OF ot mOE =mOF
" AB and CD are equidistant from the
centre of the circle .
Corallary

circles, congruent chords are quidi from the

NOEORISANE

AN S




= : :mt\‘)qua,{,’.‘a

ongruent,
gidistant from the centrearce "
‘l’noch«dul-dulmhkhncq i
cirche with centre #t O 75 and CD ace two chords of the
Aci w0, 4B 8 g
circle. OF L AB, OF L CD and O = OF -
To prove o
AB = €D
Construction D
Joia O withAand C. !
Reasons =)
Stziemepts —
|OF L 48 ad OF LCD ]
oo ME - -'E_’ and
M—& =m?3 __g(‘)
Mmﬁg ZC:gFo M“ﬁﬂ“m
Or=0c i of the same circle
04=0C :d“ b
O =0F ven
OE=0F
HS = HS
MEQ = ACFO Corresponding sides of conruent
AE=CF oo
AE = mCF Double of equal lengths
or wAE « mCF
~ IMA_E=2"' a‘_'(l‘l')
Ao mAB = wAE + mEB Segment nddnin postulate
mAB <m AE +m AE =2m AE —(ii) | ::mEB = mAE
Similarly mCD =2mCF  —(#) | From (i
Since 2m AE =2m CF
Therefore mAB = mCD From (iii) and (iv)
o  AB=CD
lﬁm-m

Cornllary

In conpruent circles, chords equidistant from the cestre are also congroent,

N —

Uit 9 Cherds of a circle

"m -
I Example [

,CikahnmﬁmofSeemhmmCthTandRPmuch !
3 centimeters from O.Compuelhclmmhsnqub‘r'md'ﬁ

P T
. Solution
Draw OT and OF. 0 re fidoof eicle O
OT=0P=~5 Baidhy e tarcle have the
(OW)' + (WP)' = (OPy (0Q) +(QTy' = (OTy R s
Ty m)x -5 P4 (OTy = 5*
(WPy'=25.9 (OT)'=25-9
(WP =16 (OTF =16
WP=4 Qr=4
PR=2(WP)=B¢-Theom9.3—bST‘=2(QT)=8
Chord ST and RP are congruent
I Example t _ The kength of two parallel chords of'a circle of radius 12cm are 14cm and
Scm respectively. Caleulate the distance between the chaeds.
_ Solation
InAAON, (ONY = 120 &2
=144 16
ON = /78
ON = 11.31em
In AYOM, (OMY* = 122 - °
=144 - 49
OM = 55
OM =9.747
In first case NM = ON + OM
=1L31 49,747
=21.1em

In second case, NM = ON — oM
“131-9747
“1,56em

Therefore the distance between the chords can either
be about 21, 1cm or 1,56 cm.




e I n — Y] O Grglg "\1
3 E{crdst’.z )

ndiuSm.theumnvpulucwoflmgh&mm&mmﬁvﬂy‘
! Inacircleof

the choeds. : <
mm%%mm:ﬂmmmﬁ“d““kmma7‘“‘
:n:‘-"ﬂmwmmd,mmfhmm
Circle C has a radius of 10, Cbord QT is 5 s
C 20d chord PR is § units from C. T
the lengths of PR and QT._
mmmoﬂ’&n‘q’m C.

« Review Exercise 9 |
([Review Exercse? ]

~—

i i i in the correct circle only.
M&:mﬂofuchmtm:cnlsmmm}'ﬂlm :
(1) Insdircle, two chords are equally distant from the centre of the circle. The chords are

O congruent O motcongruent O parallel O non pasallel
(41 AB and CD are two chards of the sxme circle © and A8 < CD, Then

Q ABiscloser 100 O AB must be parallel 1o CO
O Disclosertn O O Can'tdecide
(1) Ackordis 5 cm from the centre of 3 circle of radius 1 3om. The length of the chord is
O 6centimeters O 12 centimeters
O 24 centimeters O 30 centimeters

(v} Achord 40 units lang is contained ina circle of radius 25, The distance of the ~hord
from the centre of the circleis
O 15 units Q M2umits O 47lunits O 50.1 units

) Acbmdwlniulcagislmisﬁwlbecemofuimle.Tbckn hof the
radiusofthe circle is o
O Miwis O §units © 842 units

m;lalbedjmtchwhrﬁmm’lhcémowd
ud'nsScn.lhelnglboflhedmdimmcpcedn
@n:y&mtbemeotmiscimleis:
O 4em O 6em
O 7em O 9em

O 2J% units

Um‘qmejocwk

(Vi) lnlbedinsmm.:imleollulndimofs.lnd

—

CE = 2. Diameter AC is perpendicylar to chord

ﬁmawmmmemgmomm
o 12 O3
Q1w O 4

2.Incircle O, ABis 2 chord, Ofis a radivs and 35 1 57
{Leave radicals in your answers in si est form) Loc.
(1 MAO=13m and OC = S, find AC and 45

(i1 IAB s 16 cm Yong and is 6 e : -
and diameter of the circle, 1o 0. Find the racis

{in) lflbediamelerofcircleOisM
cenucisacbocdm:mlong?

(s Z)’l:erad‘usofcmlcOiszsunhslon;HowiongisA_Bi!

ChnrdABislOmlougnndisSmfromO.FindOA.

3. The perpendicular bisector of a chord
and NP=2em, calculate the radius of thfc?u::zs X-Y'

em, bow far from the

A B

itis 7 units from point

alNandlhecitclealP.leY-IGCm

STV 2

S

© Acircle is the set of al) POINLS in 3 ln; .
plane known as the center of lhecircl';. i

pass through three fnon-collinear points,

© A straight line drawn fro th W
= 3 " m the centre of a i ich i
)i il of a circle to bisect 3 chord (which is not a

s" g dicular from the centre ofacircle ona chord bisectsit.
5. . Wochords ofa circle are congruent then they will be equidistant from the centre.
= twachords ofacircle which are équidistant froem the centre arecongruent,

S N ’m
R e o

TR |



Unlt 9 Chords o o g

y Exercis¢ 92 -
.“_’o—‘
Inaci Iorndiusmmaennnpmlkldtadsorlcnuln&mmd&m“.wimy‘
macircie

t the chords.
Caleulate the distance betweea
thn“elmmwwﬁﬁmk?&p:x‘:mcumc
and MN = 14 e, Calculate the radius © : ; .fmm
CircleChasun&usoflo.ChadQTlsS units
CmdMPRisSunisﬁn:C. .

Compare the lengths of PR and QL

cmwdimao{ﬁmdmmc-

i ) 1l in the correct circle only.
the ndofachqumw.fwc&dcsu:pven.ﬁ )
. . ehnci:k.mchu&meqmnydim from the centre of the circle, The chords are

O congruent O not coagruent O parallel O non paralle}
(it} AB and T are two chords of the same circle © and A8 < CD. Then
O ABiscloserto O O AB must be parallel to CD

O CDiscloserto O O Can'tdecide
{1ii) Achord s § cm froms the centre of a circle of radius 13cm, The length of the chord is
O 12 centimeters

side ofacircle where PQ=7y

O 6 centimeters
O 24 centimeters QO 30 centimeters )

{1+ ). Achord 40 units Ioag is contained in a circle of radius 25. The distance of the chard
from the centre of the circle is
O 15 units O 312 units O 47.1 units QO 50.1 umts

(v). A chord 83 units loag is 4 units from the centre of a circle. The length of the
radius of thecircle is
O ld4units O Suaits O 8/Zuits O 28 units

-~.B
P

(vil. In the adjacent circular figure with centre O and
radius Scm, the length of the chord intercepted at
4cm away from the centre of this circle is: A

O 4em O 6em
O Tem O 9cm

N

|

unt’QMo"aazlt

(v Inlludhgmn.citclcom.mdmo’.s and

Eg- 2, DiamcurA_fiapetpcn&
BDatE, Whatis the length of By R

o n
O g
o1 O 4

».Tncircle O, AB s a chord, DAis a radivs and 75 1 5
(Leave radicals in your answers in simp ‘:om';.B-LOC.
ur If40= medocasm-ﬁndACmd,m

(i) udﬂhlﬁmlmg.ﬁ‘u6 )

{iny I the diameter of circle O is 34
centre iucbordmcmlong‘; 5% ol oo e A B
) The radius of ci i i AR
1 £y o cucleOuZSumtslou,g.HowlnnguABi.fitishnitstrompoinl

v Chord A8 15 10 m long and is § m from O. Find 04

1. The perpendicular bisector of a chord X7 ’
-ndNP=2¢m.calculn1=mmam,om.d,§'ﬁﬂ"N"’d the circle 31 P. If XY = [ 6em

—

©' Acircle is the set of all points in a plane that idi given point i
= plane known as the center of lhccirclpa - s

© A rad.lls (plural, radii) is a line segment from the centre of the circle to a point on the

© Achord isa line segment whose endpoints lic on the ci i

©' Achord circumfere ivi
acircle into two segments. The larger pant is called mmm;‘cgn:: :3 d“: :r;:glr‘ g
the minor segment. Ifthe chord happens o be adiameter, each scgmentisa semicircle,

@' Adiameter is a chord that contains the centre ofaclrele,

© Oncandonly one circle can pass through three non-collinear points,

©' A straight line, drawn from the centre of a circle to bisect a chord (which i
diameter) is perpendicular 1o the chord, bt

©: Perpendicular from the centre of circle onachord bisects it.

© Iftwo chords of acircle are congruent then they will be equidistant from the centre.

© Two chords ofa circle which are cquidistant from the centre are congruent,




e T Soy K JAT P
m this unit the students will be able to
To pm; mc.loTl;ing theorems along with corallaries and apply them 10 solve approprise
problems.

D e ating s v pipendicalic 0 it segmentofs cleclet s owic x| polt, s g o

jrcleat i point. o .
L :::::m 10 & circle and the radial segment joining the point of contact and the centre are
i 10 cachother. A o
L mmvwnuanmnwclcrmmapomaumdgn.mapﬂm cng.dL o
@ If two cireles touch exiemally ar intermally, madnmnccm-ccnthm«mcsis. P y

Unie 10 Tangent to circle

12 Hoe is deawn perpendicular iy 5
gamgent tothe cirele at that puint,
Glven

A circle baving centre O with a

——
perpendicular to the radial segment o—c"‘ AB which ig

oqulwmmmﬁltmcchhcirndli.

s Taparte: Y

Tbemmemduobj«xmolvingmd&nhinn /
circular otbit is in the direction of 3 line tangent ta the | m:\.,_) 2 ?Nm
v

S Mooe’s aabit

orbit of the object. You will encounler such lines
frequently.

[ -Secants and Tangents | \
R -

Alineinthe plane ofa circle may or may notintersect the circle. There are three possibilities,

. J’l

1 poim of mectscction 1) ety 1)

Asecant 1o a circle is the Tine that intersects the circle at two distinct poi ight i
2 A points. 1fa straight line
and ycircle have only one point of cantact then that line is called » tangent and thse point of

3 pnme ol e

intersection is known as paint of tangency/contact.
h : (SN

R
. |

radial y
Rment of a cirele ot ity outer end polnt, it is

G TRR atits outer
ie. AB LOC, -
To prove ;Fisahugmllolhccirde,
Construction
Take any point D on A8 other than C. Join 0 4 D
Proof
Stutvments
= Reasons
OC L AB Given
Sa the AOCD isurighltriang]c ax
=41 8nd £2 arc acute l.:ﬁlocg ; ¥
X - =50*
Thas m£OCD >m22 W LOCh isarigluaqgleand £2
- mOD > mOC i s ‘ h
by 0] lfla"ingle.mmgklmmw
But OC is the radial s nt wi i k.
Mmock gment with C a5 its | Giyen
2 D lies in the exterior of the circle.
’ Hence .A—B—‘mects the circle at one and
onl; it
e ¥ | Definition of tangent to a circle,
. AB is tangent to the circle,




.’ - """"""‘"""’l'm Unt 10 Tangent 10 circle ]

m I Example IE CH is tangent in the figure 10 the cire .
e -

1. Find the leagth of segment Cp,

decle and theradistsegment Joining the point of contactand the congye | Solutlon ' Since CB is tangent to the circle, then 75, G
Thetangenttoa This means that A48C is a right tri 3 ’
thet. angle and
wre perpeadicular to cacho the length of line segment AC. ““"Wwwhmmm«mom
Glven pon— . AC" = AR 4 pC* f
. . P the circle at
A circle with ceotre O, AB is tangent 0 AC «25364=59 '

point C. OC is the radial segment which is obtained
| byjoininviﬂ:dwpuintofeoulactCoﬂbamgm

D (o
AC=83%9.43 em,
CD=AC-AD =943 cm-Scm=443 . g

AB . R
- e <, ]
To prove Emoaew 1155
s o . e ——
OC L AB The two tangeats deavwn (o.u cleeke (ram 2 not Rt
Comstruction Given pointbulside e, arc equutin lengih,
Take any point D oa A8 except C. Join O and D. Acircle with centre O. A is any point
outside the circle. A8 and AC are
Reasons drawn two tangeats from point A.
. Statements To prove T = mdC
*» AB is tangent to the circle Construction
at the point C. Given Join O to A, B and C.
So C is the only point common 1o the Definition of tangent to a circle. Proof
circle and the line AB |
— 3 Stalements
Disapointon AB other than C Construction Reasons
= In AOB > A4OC
~ D is an exterior point of the circle. Except C every point of A8 s outside N
the circle. ¢ A0z AO Commoa
1t means, mOD > mOC 0B=0C Radial segments,
e ZABO = ZACO = 90" Right angles because tangent 1o a circle is
Hence mOC s the shortest distance . perpeniicular o the radial segment at the
between the point O and the line AB . point of contact.
2 N: AALOB 5 AdOC HS 2HS
OC L AB By definition of shortest distance, —_— — .
Corollaries ! AB = AC Carrespoading sides of two congruent
_— o triangles.
1 ;l:nypoiuond:edmmfmoceohcitdcmlndmlyonetangcmmmem]umbe G MAB = mAC
Wi,

Corollnry

The two tangents drawn 10 a circle from an external point subtend equal angles at the ceatre.,

1. Perpendiculartos tangent at the point of contact passes through the centre of the circle.




.. . ‘ Unit 10 Tongent 1o circle . .
Iy Example @ : ’ | Example 5 inthe adjacent figure, AB ang BC A
Global positioning satellites are. used n | B &1e twWo langents. Evalugte 5. e
savigation. [f the range of the satellite. AX is Solution | We know that tangent segments
16,000 miles. Whatis therange of BX? from an external point are equal, B
_ seni e
I\’mdi?mdmmw‘m‘d""m X =21-5% =
the same external point, 50 they are equal. dals £
eV RSKR ircle R TR = 5. And RQ = 13 A
] are segments 1o circ = =4
I E:;r;pl: QT and QS are tangeat * Exercise 10.1
Fm an .
— 1. Find the length of a tangent drawn to a cirgl ; i ;
[ Sotution | T 10 cm from l‘bz °"'f°"¢,°f'h$circle. circle of radias 6 em from a point at a distance of
: N - 2. Find the radius of a circle if the length of the langent deawn § :
e —ari s o el o e L o
= 3, Acho of a circle is uced 1o P. From P g 1y Pg 5
13y = (Q”l + 8 13 that w2 PBC=mZBAP. ngent PB 10 the circle is drawn. Prove
R Q 4. In the following figures AB intersects. the circle, find o

169 ={(QT) + 25

(OT) =169 - 25 = 144 ;
or=12 ( \ o
Or=05=12 s \ &‘ i

Ii Example m Inthe figurc AB is a tangent to the circle, with ceatre 0. Given that A 2 B
AB-Scm.BC=5cmandOAﬂran.ﬂndtthllueofx.lnd ZAOB. @ L
| Sojution 5.1k hwsofacircle is 8 em. Tangents drawn from an extermal point Pmake an angle of
ZOAB =90 A =9 60°, Fimd the distance between the centre of the circle and the point P.
OB=(x+5 Bcm s \, 6. Given that PA and PB arc tangents to the circle, with centre O, find the values of x and y in
Now (5 =2+ \ : cachof the following figure,
X #1050 425 =2 + 64 .

10x = 64— 25 8 . |
10x=39 o J
=39 /

In AAOB, tan ZAOB = 319 N

Therefore ZAOB = 64.01°




7. Inthe figure below, VA V4 and VB are angentto P, the radius of
l’u!an.deA-6mFmdmcfoIlowms
" VB (i AP 1ty PV vy XV

4. In circle N. verify that line £ is s tangent. : ;
9, Verify that AB is tangeat 1o C at B.

et
A 6B

10,1 AD, DE and BE are tangents to a circle as shown prove that AD + BE = DE.

Unit 10 Tesgent to Cirgle

D c E
\\
\
- .l
A J,'B

Two circles that intersect in ane point are called tangent circles.

Em.. CaN'T sToP.
) T™Wo Busy!!

Mmcmlhuhveacomonommmulledcmmcncla

gnn 10 Tengent to chdle

1w clrehe tough estermally, the distane
thelr roclil,

Given

hielween the

MarclesmlhcmOandawmhmwudmguchahzumaﬂyudupomA.
OA and OA are the radial segments of the circles,

To prove
mO0 =mOA+m AQ
Construction

I/ \

Draw a common tangent .B?dlhepoimAchh ‘ '.f{A_f.‘.

is the common point of contact of the given two

/\
circles. , ' \ \
Proof et N oond
n
mLBAO = N° (0]  Atangent 1o a circle is perpendicular
to the radial segment at the point of
Similarly conthet:
mZBAO = 90° @) Amg_emmadrdehpnpcn&mlnr
10 the radial segment at the point of
contact.
S mLBAO+mLBAO =907 +90° =180° | Adding (3) and (ii).
mZBAO and mZBAO' are supplementary | = Their sum is 180°,
angles with the common vertex A
2, AQ and AQ' ise line sopments Postulate of supplementary angles.

This makes O, A and @', the three different
collincar points,

MO0’ = mOA+mAO'

Conseyuence of being A0 and AT,
the Hne segiments,

segments addition postulate.

weentecs v equal 1n the sum of




_ - = Unit 10 Tangert 10 tirel ,.l‘ - {10 Tongent to circe = . "
- P that the perimeter ofa toangle ' e
3 F ncxl‘ﬂﬂ“y' Prove v
10 e ) tresmmenaiocmty it o |
| formedbyjoining centresisequal !
s,
[ Given . = and o cireles tooch internally, the distance between their contres is the diff
their radii a1 i o Iftw h e difference of
m«““::;" 1'-::;““ mﬁslti'n%:‘i't: gl«ully wD, Erﬂ:::; thelr radii.
gommmc is formed by joining the centres 8 i Given
o o Two circles with centre O'and O touch cach other inwma;ly at the point A such that 04
| e OA are radial segments of these circles.
Ta prove ; of these circles ‘ wed
Pecimet °rM5c.Sumomledulﬂﬁ‘“ i D c
5,
To prove
" Proofl S m OO0 =mOA-mOA
Statements Reasons Construction
- in pai Given tangent BC at the point A
with centres A, B and C touch in pairs Draw a common BC at the poi
m‘;: the points, D, E and F. which is the common point of coatact of the
o nfB ® two circles,
M’i:m‘ + m
wit=mBD+ mDC (i} Proof
sod  mCA wmCE+ mEX (i) Statements Reasans
milis mBC+mCA mAF+mFB+mBD Adding (1), (i8) and (iii). Since the circles touch each other at A |~ Atangent to a circle is perpendicular
+ mDC+ mCE+ mEX thercfore both OA and OA  are | to the radius drawn through the point of
“BC contact.
= (mAF + mEA) + (mFB + mBD) pespendicular to BC .
mLBAQ =mZLBAQ" =90°
+(mCD4 mCE) S
: ie, OA LBC atA.
Perimeter af AABC=2r, *jt, +2r d, =26, d,=2r, and d, = 21, A
- +
a9 +4 .d' _ are diameters of the circles, , |md 04 LBC atA.
« Sum of diameters of the circles. 5 0, 0 and A lie on the same straight | At a point on a line a unique
line. perpendicular can be drawn on it.
mOA=m 00 +mOA Segment addition postulate.
Using only sddition, how do you 83 cight 8's 2nd get the number 10007 o  mOO0 =mOA-mOA From a law of equation.
Answer.  S35+88+8+-8+8 = 1000,

W




I 5 | | Unt 10 Yangemt to gy
W =

' 7] i ively. Find the length of their i
b Example [ Two circles have radii of 9 and 4, respectiv : e
ofcm:(u)ifthe:h:l:smunccmummlly.(b)im”mk’m“nm'““-'"m"y.(c)i(
the circles are concentric, (d) if the circles are § units apast.

Solution.
Let R = radius of larger circle, r = radius of smaller circle.

(1) Since R=9andr=4, OO0 =R+r=9+ 4=13.

(1) Since R=9and r=4, 00 = R=r=9-4=5.

(¢) Since the circles have the same centre, their line of centres has zero length,
() Since R=9and r=4,and d=5, 00" » R+d+r=9+5+4=18,

“Did You K08

+ Exercise 102
T ————

1. Iftwo circles with radii 8 cm and 3 cm respectively touch cach other externally, then what
15 the distance between their centres?

2. The distance between the centres of two circles touching internally is § cm. The radius of
the bigger circleis 17 cm, What is the radius of the smaller circle?

3, Inacirclea l%mlongchmdisnadisuweoflzanﬁomtbecem.wutis(bclcnglhof
achord atadistance of S cm from the centre?

4. A chord is 18 cm long. The radius of the circle is 15 cm. What is the distance of the
midpoint of the chord from the centre of the circle?

X Whui:ﬂtelcagxhofnchordatdkmoeofmlrmnlhcccmofncimleofndius 10cm?

6. mdisunceofachordﬂomlheommofacimleis3cm.andlhelenuhoﬂbccbotdis
8om. Whatis the diameter?

7. ‘l‘bcndiusohcimleis!cmmdmofdnchudsisolecm.Whausthedimnecoﬁhc
chaord from the centre?

. The length of a chord of a circle of rad

ius 7.5 em is 9 cm. What is its distance from the
centreof the circle?

—

- ' ; 10 Tengent 10 circle .
"
| ~4
of each i i ¢
(. At the end Toeon. Toutcitcle are given. Fill i the correct circle only.
(1) Inthe figure, ACB is calley

QO anare

O asecant
O achord

O 2 diameter
(1) Ina eircle with centre O, if 07 is the radiay
segment and PTQ s the tangent line, then

T
— G — — L
O OrLPQ O orzpg
— G
O orliPe O OF is right bisector of PO
(i) 'l’wolangcmsdnwmoacirclcﬁnmnpoinxomidcixmof,.........inlcn:m

O lhalf O equl O dotle O tiple
1. In the diagram, B is a point of tangency. Find the radius r
of @ C,

3,Inthe ﬁgun:..B'F is 2 tangent to the circle with centre O.

Given that ZAPO = 3% find ZPBA. i

4 Inthe figure, O is the centre of the circle passing through o 3
the points A and B.TA is a tangent to the circle st A and T
TOB isastraight line, ¥

Given that ZAQT = 64°, Find (i) £ ATB, (it) ZTAB

5. Given that PA and PB are pa
tangents to cach of the /
following circles with centre {
0, find the values of the |
unknowns,




.!'A

" Leagths in clreles in & conrdinute plane

Use the disgram for lengths. "1 Tl + Il
2. Radivsof @A {— [
b. Diameter of 8A |

¢. Radmsof©B
d. Dismeterof®B
Radius of @C
Diameter of @ C
Radius of@ D
Diameter of @D |

Feme

© A secant to a circle i a line that intersects the circle at two di;tinct points. If a straight
line and a circle have only one paint of contact then that line is called a tangent and the
point of intersection is known as point of tangency/contact.

© Aline is tangent 0  circle if and only if the line is perpendicular 1o a radius of the
cirche atits end point oo the circle.

© Ifnlineisperpendicular to a radius at its end points the line is s tangent

© Tangent segments from a common external paint are congrueat,

© Thetangents subtend equal angles at the centre,

© Theline joining the external point to the ceatre of the circle bisects the angle between

the tangents
© Iftwocircles touch extermally, the distance between their centres is equal to the sum of
their radii,

© l':;v u::ﬁu‘r_cles touch internally, the distance between their centres is the difference of
1 i

3025 = (30 + 25)
and
2025 = (20 +25Y

- T a— l‘.‘

In this unit the students will pe able to

To prove the following theorems g

peoblems.

o lnwrm of acircle (or of congruen: Cireles) are.
equal. B!

I two chionds of a cire) i s
o majmofscmi-cimuhr)ca‘cf cofmnm circles) are equal, then their cosresponding arcs (minor,

I choeds of a ci :
® E:::spondir:g:t:n::;h (o¢ of congnuent citcles) subtend equal angles at the centre (at the

@ If the angles subtended by two chord of's &
(conesmndingccnm)mequl.lhechor;mn:q:lc.lc (o congrecnt. clechm) at the coatre

00Z with corollaries and apply them to solve appropeiate

then the cor ding choeds are

Corumlersace Yo Y

e e s

Anorange may consist of nine wedges, scen
in cross section here, Thus, an average
“wedge would form a central angle of about

onc-ninth of the full circle, or 40°. (When . Tintereepted

you look at u typecal orange wedge, does it ¢ \% . L

sectm to be about 40°7) \ SRty
\“-f,

ATO RO UMD EAYES N
Anare is an unbroken part of a circle. Any two distinet points on a circle divide the circle into
fwoarcs. The points are called the endpoints of the arcs.
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MO (red) s
a minor arc
|efor

N
,% MON and MUN are l
semicircles _or er
r
L MLO (blue) is & major
o arc of OF

A semicirele is an arc whose endpoints are endpoints of the diameter of the circle, 5
semicircle is informally called a half-circle. A semicircle is named by its endpoints ang

another point that lies on e are.
Aminorareofacircle is anarc thatis

Aminorare isnamed by its endpoints. i :
Amajorareof acircle is an arc that is longer than a semicircle ofthat circle.

Amajorarc is named by its endpoints and another point that lies on the arc,

R
@Aﬁhmm
orc of centrad angle ZRPS.

Acentral angle of 2 circle is an apgle in the planc of a circle whose vertex is the ceotre of the
cirele. An arc whose endpoints lie on the sides of the angle and whose other points lie in the
interiar of the angle is the intercepted arc of the central angle.

1 x9+2=11

12x9+3=11]

123 x9+4=1111

1234 x9+5=11111
12345 x9+6=111111
123456 x 9+ 7=1111111
1234567 x 9+ 8 =11111111
12345678 x 9 +9=111111111

shorter than asemicircle of that circle

Central angles of circles
are used to find the
measures of arcs,

Unit 11 Chw,“.“ -

123456789 x 9+ 10=111111111]
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{eit 11 Chords and args

Feomgruent cjr, les)
e Congreny then the correspomling

[Case lﬂz For one clrele o

1o aees ol a cirele (o o
chwrds are equal,

Given

Acircle with ceatre O JEp o P
— — | CFp

ie AE_B: CFD. AB and Cp R 3¢ Congryen) ares v
of the given congruent arcg. Conespoeding

To prove

AB=CD,

Construction

JOI"O(OA. B.Clﬂdbmmi‘ﬂywnmeme

it central £| and 22,
Statements M

In ACAB 5 AOCD T

9;430_6‘ Radii of the same cirgle.

OBz 0D Radii of the same eircle.

=22 Central angles of wa CoOgruent arcs.
AOAB = AOCD S.AS Postulate
1B=Ch Comesponding sides of two congruent
triangles.

[Gase [{1]For two congrocatcirles
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Two congruent circles with centres O and 0" rospectively. AEB ‘““{I CFD are 1y,
con:rntnl arcs of these circles where 18 and CD ase the comesponding chonds,

To prove

AB=CD or mAB = mCD

Construction )

JoinOto Aand B and O to C and D respectively,

Proofl

Statements Reasans

In AOAB «» AOCD )
OA=0C Radit of two congruent circles.
OB=0D Radii of two congruent circles.
542 . Central angles of two congruent arcs
AOAB = AO'CD S.A.S Postulate
AB=CD Corresponcling sides of two congruent

triangles
Or  mAB =mCD

The sum of any two odd numbers is even;
the product of any two odd numbers is odd.

Unit 11 Chordy and ’n‘
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“ Unit 1§ Chords ond ercs

—
1f two chords of a clrele (or of con

arcs(minor, malurnrsuni-rlm.h,

Given
A circle with centre O having two chords 75
suchthat AB = CD.

To prove

Lruent circles) are equal, then their corresponding
Jarccongruent,

and CD

AEB = CFD (These are minor ares of the chords {5
and CD respectively),
and ifB = CED (These are major arcs of the chords AB
and CD respectively),

Construction
Join O with A, B, Cand D respectively,

Proof
Statements Reasons

Inthe AAOB +» ACOD

g4z 0C Raddii of the same circle

OB=0D Radii of e same circle.

AB=CD Given

AAOB = ACOD S55 =888

=22 Comresponding angles of two congruent

3 . triangles.

but £1 and £2 are central angles '

AEB =CFD Definition of equal or congruent arcs.
Thus the corresponding minor arcs of two
equil chords AB and CD of a circle are

—~ a.i
= . |
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MmmemdnhwithcmmOnng_O' mﬂ‘l_wocﬁds AB
whiich are not the diameders such that mAB = mCD or AB = CD .

~ Ta prove o
AEB =CFD (1hese are minar arcs comesponding 1o the chards AB and CD') and
Aaacﬁ(mcscmmennjumwmminglodwclmds AB and CD)

AB and CD respectively

Construction
Join O with 4 and 8 and ©' with Cand D. This gives central angles labeled 1 and 2.
Proof
Statements Reasons
In the AOAB «» AOCD
04=0C Radii of two congruent circles,
OB=0OD Radii of two congruent circles.
AB=CD Given
1 ACAB= AOCD S8S 3888
L1z L2 Corresponding angles of two congruent
or  mllemmL2 triangles. .
- MAEB =mCFD Condition of equality of two arcs,
or AEB=CFD
thus the cauupoﬂng mn_ric: of two
equal chords A8 and CD of two
congruent circles are congruent.

Unit 11 Chords and eery m .

b Exampl ;
e BH A point Pm:’:eimmfcrcm is equidistant from the radii OA and OB.
Prove that mAP = mitp
Given
AB is the chord of o girgle with i
\ : centre (),
circumference of the cirgle iscquidisl‘mﬁrgn l';l it
ndii OA = OB
50 that mPR = g
p— m mPS
mAP = mBP
Construction
Join O with P. write £1 and 2 25 shown in the figure.
Proof

Statements Reasons
In Zrt AOPR and 2t AOPS
@ o ﬂfg—i’ Common X
mPR = mpP§ Paint P is equidistant from radii.
(Given )
AOPR = AOFS (InZna' HS= HS)
So mEl =mL2 Central angles of a circle,
Chord AP =Chord BP
Hence mAP = mBP Arcs ponding 1o equal chords in a
circle:
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P T

cuent circles) cubtend equal angles at the centre (ay
A=22

N

We join O to 4, B, C and D respactively so that mOA = mOB = mOC =mOD = ndii
of a circle.

Equal chords of # circle (or of cong
the correspanding centres).

[Case m For one circle o

Given
A circle with centre ©. AB and Commvchordsofdw

circle (wluch are not diameters) such that 4B = €D or
mAB = mCD
Arcs subtend £1 and £2 ot the centre.

To prove

Proef
Statements Reasons

In the AOAS «» AOCD

04=0C Radii of the same circle.

0B=0D Radii of the same circle.

AB=CD Given
AOAB = AOCD SSSmz SSS
3 VAEVS! Comesponding angles of congruent

triangles. a
ar two con;mcm mlcs

Linit 11 Choeds end asey

= g 0
Glven .';

1\:; mu:’r:em circles with centres 0 and ¢ having two equal chords A8 and CD ic.

“To prove
These chords subtend equal angles at the centre e, Z1= 22,
Construction
Join O with A and B, and O'with € and .
Proof
Statements Reasons
Inthe ADAR «» AO'CD
O_A = O_'f Radii of two congruent circles.
C_)f & (lD Radii of two congruent circles.
AB=CD Given
AOAB = MYCD SSS =z S8SS
L= L2 Comesponding angles of congruent
trianghes.

@ 167

llllh U by s chordy of 2 cirele (or congraent cireles) al the contre
conteesiare cqualin measures, then the ehords are equalln measures,

Ll 1) | Fofong“ ircle

H the nnples subte
{eorresponding

Given

Acircle with centre O AH and CD are two chords of the )
circle and £l = 22,

To prove

AB=CD
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Unit 11 Chords and ercs ‘i

e —
Reasons
Statements ]

Inthe Ag_,w ;Lc A0CD Radii of the same circle.

25-0—0 Radii of the same circle.

OBs ;

Q=22 S

AJOB 2 ACOD Jing sides of cangruent frangles.

AB=CD

(Cae [ ot o congen s

Given
Two congnuent circles with centres O and a,
B and CD are two chords of these circles

such that they sublead equal angles at the centre
ie L=£2.

To prove
AB=CD
Proof
Statements Heasons

In the AOAB ¢» AO'CD
0A=0D Radii of two congruent circles,
0B=0C Radii of two congruent circles.
21242 Given

AOAB=A0CD S.AS Postulate

AB=CD Corresponding sides of two  congruent

triangles.
Carallarics

1. In the same circle equal central angles have equal arcs.
L hﬂwsmdmlemlmhwquulumltmlu.

Unit 11 Chords ond arcs . .
b Example [EY The internal bisector of a central angle in a circle biscets an arc on which
it stamds.
Given
Inacircle with centre O. OP is an inte | bi
Pty mal bisector of central
To prove AP=FP
Construction A B
Draw AP and BP, then write 21 and £2 a5 shown in the figure.
Proof ’
Statements Reasons
In AOAP «» AOBP
mOA = mOB Radii of the same circle.
mﬂ = Nfz_ Given OP as an angle bisector of ZAOB
and  mOP = mOP Common
AOiP = iOBP (SAS=SAS)
Hence AP = BP

= 2?’5&?

Algastwtespondmgtoaqunlcbo«dsbu
circle,

It Exmmple (B Tell whether the red arcs are congruent. Explain why or why not.

c@‘ v v@ ooz

Solution
a. CO=EF because they are in the same circle and oD = mEF. ‘

b. RS and TU have the same angle measure, bul

I are not congruent because they
are ares of circles that are not congruent,

VX =YZ because they are in congruent circles and mVX = mYZ ‘

—
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ise 11 - 2. Inacircle if any pair of d; {
|* ' __E_Xg_‘___' autler: Botm “‘Vm"m of Biamelers are £ cach ather then the lines joining its ends in

1. Given that O is the centre of cach of the following circles, find the valuc of x and y in the J. In acircle with centre 0, AOC 5 diameter. ZAOR
following cases. 8

(il £

= 130, find ZADB, ZBDC and mBC.

) I
2 A
4. Chords AB and CD of a circle meet at the point E outside the circle, Prove that:
) £A=£C by ZLi=2z2
(¢)  AADE and ACBE are equinngular,

—_— e
2. In@Q, KL = EM. 1If CK = 2x + 3 and CM = 4, find x.

—
N J
- - L

Review Fxercise 11 : © Acentralangleof. afirclchgmglewh;t vertex is the centre of the circle, ‘
A 3 © Themeasurcofn minor m_:sv.hf measure of its central angle. |

1. Atthe end of cach question, four circles are given. Fill in the correct circle anly, %’ ;hemeasuxc oSty cl.rcle "?“"
(1) ©F has a radius of 3 and AB has a measure of 90" - mi':c:‘ arc e St Hohandibe e |
What is the length of AB? € Themeasure of the semi cireleis [80°. '

© Twoares ol the some cirche are adjacent if they hay erdd poi
5 5 . 1ifthey have common end points,
8 :\/- 5 :\ﬂ g The measure of an arc formed by two adjacent arcs is the sum of the measure of the two arcs,
e y — Two circles ure congrsent circles if they have same radius.

tn :::’I:hmp;:y":z::m of circles 0. AB = CD. © Twoares are congruent arcs if they have the same measure and they are arcs of the same '

circleorofcongruent circles.
In the same circle, or in congruent circles, two minor arcs are congruent if and only i
their correspanding chords are congruent. I
In the same circle, or in congruent circles, two chords are congruent if and only if they
arc equidistant from the center.

O AB=CD O AB|ICD

® ®

O AC=BD O ZABC=ZBCD




ANGLE IN A SEGMENTSE
OF A CIRGLE=

 In this unit the students will be able to |
To prove the following theorems along with corollanies and apply them 10 solve appropriage
5.

®' The measure of a central angle of a minoe arc of a circle, is double that of the angle subtended by
the corresponding majoe arc.

@ Any twoangles in the same segment of a circle are aqual,

©' Theangle i a semi-circle is a right angle,

@' Theangle ina segment greater than a semi-circle i less than a right angle,

@ Theangle inascgment less than a semi-circle is greater than a right angle.

@ Theopposite angles of any quadrilateral inscribed in acircle are supplementary.

«

Aperson's effective field of vision is about 30°. In the diagram of the amphitheater, n person
sitting 31 point A can see the entire stage, What is the measure of 82 Can the person sitting at

point & view the entire stage?
Angles A and B intercept the same ase. By Theorem 2 of this unit, the angles must have the

S3ME Measure, $o maA = mLE = 30°,
The person sitting at point B can view the entire stage.

alave

OPTICS

o
i

e B0
o
B 1 )
']
A

m‘" |bw‘l"ﬁ|.u’m;"q°‘w" - ~— — ~ '.EE ?7
_ EE =

P

The measure of o contey) angle uf ¥
sultended by the eorrespanding ""u;l""n:,':,, reafa cirele, Iy donhle that of the angle
» X

)

fig: (i

jor arc (General Case) figare (i).
~Circle containing the mi
Construction Gt Sor i
Draw W to meet the circumference o Q (for both cases), l
Proof
Sintements ] Reasons
Case (i) |
- Inthe-AQ4P :
mOA = moP Radii of the same circle, '
. AOAP is an isosceles triangle Definition of #n isosceles tnangle,
ad L OAP = ZOPA % Iftwe sides of a triangle are equal,
the angles which are opposite 10 them
are also equal,
o
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‘E.?.C "____:'_T______,._. e _w.glzhgklnnwnlutlnha Unit 12 Angle in 0 seqment of o cirele

P N T+ The measure of exterior angle of u W i i
" Ao mZAOQ =m £0AP +mZOPE iriaugle is cqual 10 the sum of the i : Mofrg s
. measures of appasite fnterior angles. meACB= 45 -
o mZOAP = ZOPA (Proved above) Construction
WZAOQ = 2mLOPA (1 Join O with A and B.
: Similuly mzBOQ=2mZ0P8 (1) | Addingtand 1 Proel
) Statement N 4
200+ mLBOQ = 2mLOPA+ I EOPB | postulatc of addition of angles. S : S
- . s
of mZAOB w 2[mZOPA+mLOPE] (OAY
+(0B)' = (&)'4- t
mZAOB = 2mZAPE (42)
o =24 2 @ o “m - ﬂ om
Case ()
All the statements and reasons arc =4=(2) =(ARy' o
same up to obeaining the equations | and 11 . ADAB is right angled hngh. YV mAB~2em
Subtracting | fmmzll d';':a snzmzom With m ZAOB = 99*
mZBOQ ~mZAOQ =2 < Ao
OGroco s Postulate of subtraction of angles. . mmﬂ: 2 centmal angle
mLBOQ - mZAOQ = AUmZOPB-mLOPA) m&ACB =5 mZAOB 290 2n arc AB.
B
mZAOB = 2mZAPB R ¥ Theorem 12,1
, Carollary o " ki Circum-angle is half of the
The angle which an arc of a circle subtends at the centre 3 wice that which it subtends a1 any central an

t on the remaining part of the circumference,
P

b Example {J m
The radius of a circle is 42 cm. A choed 2em in length divides the circle into two segments ey

Prove that the angle of larger segment is 45", Aay two angles in the same g
i - 1 same sepment of a circle are equal,

C" P

N

& -
. Solution_; ~l
Given

In a circle with centre O and radius mOA = mOB =v2 e
The length of chard AB = 2 em divides the circle into two segments with ACB as

larger ome. X
b. it LU0 B0 &A [E

A (4

BUCHP [EANE G AR
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A circle with cenire O, ZACB and ZADB are any two angles in the same scgment ACDy o Satilliiz)
(Shaded) of the circle. - :
: D=1
To prove & 1ee
. mZACB=m ZADB T2
‘Construction a=$2
Join O to A and B respectively, Also, 2xr = g
Proof Lo 2=82
B 52
Statements Reasons 5= .2,
In all the three figures, we have The angle which an arc of a circle x=26
subtende at the centre is twice that which
REAOS =2mLACB @ it subtends ot any point on the remaining il
partof the circumference. The angle In a semi-circle js o right angle,
Given -
The ongle which an arc of a circle - § —
e g Acircle with centre O, AF jso din
Similarly mZAOB =2mZADE n subtends at the centre is twice that which CB isa | * Clameter of b cirele
it subtends at any point on the remaining {'Jl‘b B "y angle in the semi-circle, M A
part of the circumference. P Fon a
is aright angle i.e,
©. 2mLACB = 2mZADE The RS ok (1) st () 415 6t 10 e Construction LA, |
' same quantity. X
Halves of equal quantities arc again equal Nin0o.C;
B} {s 1 RN
S mEACE =mLADE Proof
Iy Example (B Find the value of a in the following circle centred at O Stutements _nx
D In ACAC, x :
2 — _
w04 = mac Raii of the same ciele
o Definiti i ?
. . SAOAC s an Esosceles triangle o :; of :n :;:ts triangle,
(8] L Of a Inaj e
and  mEOAC =ml0CH (0 | angies which are oppasite 10 c?:.l:
A B Similarly ﬂw AOCH also equal
\_/ N mO8 = moOC ) Radii of 2 cirele.
Solution_{ mLOBC = m20CH n
a=80 {Angles in the same segment). BZ(MC + mLOBC=mLOCA+mL0CH 1 Addeng (1) and (1),




D

” 18 Vg ey = ——greee vy W u"’-"fa \ “M"ZW-M O WYUK GF 0 OFtle o

o

L _" -
* OICaZabCanicE: (M), | ¥mlocts WD =miACH
++ The sum of three angles of a

X el S - triangle is cqual 10 180°.
. §0° =mZOACH mZOBC wm ZACE

¢ : 2:2:?: : :"soé‘la 2t Adding two equal numbers.

SmIACE=9%07
! or  ZACB isaright-angle.

The angle inscribed in a semicircle is alwa

v

ys a right angle (90°).

ght angle.

The angle in a scgment greater than o semi-circle is less than a ri
" Given .

Acircle with centre 0, AB isachordand EF is the
diameter parallel to AB such that AB lies below the

diameter EF . Thus the segment AECDFB is greater
than the semi-circular region. ZADA is any angle in the &

segment.
To prove
x ZADB illusdmaﬁghlangkix.mLADBdO'.
Construction
Join D with E and F such that. ZEDF is i the semi-cirele.
Proof
Statements Reasons
mLEDF =9%0° The measure of an angle in a semi-circle is

B a right angle,
2. mLEDG + ml GDH + m£HDF =90°

LmEGDH =907

~[mZEDG +m £HDF]
= mZGDH <90
or mZADB <907

v LGDH and ZADB are same.

<+ ml EDG +mZGDH +m £ HDF = m£EDF

. Adircle with centre at O and ABCD i5 3 quadriloteral A

=3 -—

The J¢in A segmen less thun T —
The g i - ! i “‘m'-ﬁ‘nlc is
ar ﬂltﬂbnu

s B arightangle,
3 with centre O, A48 | EF

A circle lel to AB 15 chard and EF g g .

giameter parallel 10 AB such that A7 jies abaye !

gameter EF The segment ACDB s Jess than the 'be 7

ciecular region. LADB is uny angle in the um:m

To prove ¥
A

£ADB is greater than a right angle i.e. mz4pp s900, T
Construction .
soinD10E and F. ZEDF is in the semi-circle,
Proof

Statements

mZEDF = 90°

The measure of an g
152 right angle.
= ZEDF und ZGDH e r—

Adding equal quansi; .
n egquation, fantities on both sides of

mmlﬂh ofaujl'nn Mqlﬂ

gl in 2 semi circle

or mZGDH =90°

mLADG + mLGDH + me HDR =
or MEADG +90° « msHDR
= mlADB =N + mZADG + mZHDB
= mZADB > 907

The opposite unglhes of any quudlm %
. ' d in a circle are suppl o
Given pp ulrnla.

iscribed in the griven circle.
To prove

WLBCD + mLBAD = 180° and m£ ABCH mZADC=180%
Construction

Join O to B and D.




Statemenis

mZl =2 mZBCD

mZ2=2 1£BAD

mAA+mL2=2mLBCD 4 2mLBAD (1)
But mZle ms2 =360
& (1) becomes
2[mZBCD + 2mZBAD] = 3607
o mBCD+m £BAD=2

<

or mLBCD + mLZBAD = 180"

& £BCD and ZBAD are supplementary.
Similarly we can prove that

mZABC and mZADC are supplementary.

Reasons

The angle which an arc of a cirele
subtenids ot the cenlre i twice that
which it subtends at any point on the
remaining part of the circumfcrence,
The angle which an arc of a circle
subtends at the centre is twice that
which it subtends at any point on the
resnaining part of the circumference.

Adding the above two results.

++ circumlerence of a circle subtends g
angle equal t o four right angles ot the
centre.

Dividing both sides of an cquation by 2.

Definition of supplementary angles,

b Exampte KB 0 is the centre of the circle. Find the

__ uaknowns in the figure,
Selutiony Since
x+85°=180°
L xwl80°-85°= 95e
y+10% = 1807

AY=180°=110° = 700

" _Exercise 12
bdiiasnmen -~ N0

1. O is the centre of the circle,
Find the umknowns in the figure

2. Arepular hexagon is inscribed in 5 of _
centre of the circle. Find the radiyg oll‘f:l’: tf::l:
3. Find the value of each variahble,

4. Show that a parallclogram inscribed in o cizcle will be rectanple

Parts of a Cirgle P&&assss: ]
O Lo T¥hMemnede.

/‘
dlameter,”
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i i et circle only,
1. At the end of each question, four circles are given. Fill in the corre Y.

i R
(i), In the figure, O is the centre of the cirele, ZTPR = 80°
and ZQPS=x" Find x. e S RAV,
" O 1607 0 100°
O 80 B

(i} In the diagram, ZADC is a central angle and mZADC = 607,
What is mZABC? o

o Is o 6 o120 :
(i} In the figure, O i centre of the circle and ZPOR=T0°, ﬁ

Calculate the value of x. "

014 O QW Ole o

Q.
(v}, In the figure, ZSPT =100, £ZPQS=40°and LPRO= x* P
Caleulate the value of x. To0s e
O 30 O 40° QO 50° O«

(V). In the adjacent figute if ms3 = 75°, then find m21 and m22,

> P

o .% ;7{ O 375 78

O 750, 37.F O 75°475°
2

A ] ( A
¢ 0
va), Givenlhqu'ubewnueoﬂhecth.ﬂ:unglemrkedx will be: ,“' R
Onry o

.

Qs o5 T
(vii) Given that O is the ceatre of the circle, the angle marked y wil be: (; »
Y
onry o o s (o373 \i

{veiiy In the figure, O is the centre of the circle then the angle x is:

O 50

O 75

O 10 0128

R,

i 12 Angie [n @ segment of o circly
1’_ 0O is the centre of the circle, Finy the unknowng in

the figure.,
(1) N
P
-
-
is a quadritateral cireumscribeg aboy 5 o =
3 ABCD s : bt uta Show that mag 4 - == _

4. Find the value of x in ¢ach of the followms fi .

O} /A (ii)
x

(iv)

The inscribed unple is an angle whose i :
9 chords of the circle, gl Yo e clely -
9 The arc that lics in the interior of an inseri
calted the ot gyt .u'cofthcanglc.
© Themensure ofan inseribed angle is one hat
0 ftwoinseribed arc then the —
k 3 s
€ Apolygonisan yaaiil

seribied ,mv,gunifallilsvmiceslieonacirclc.
©) Thecircle that contain the vertices isadmnnwrlbedci:vlr.

© Aqusdrilatery] with its four vertices lying on the circumference of the circle is called 2

evehicquade it .,
Agquadnilateral can
Inacirele:

whase sides canrain

be inscribied inacireleifand only
© the angle in a semicircle is right

the angle iy a segment greater than a semicircle is acute
« the angle in o segment less than a semicircle is obtuse.

ifthe opposize angles are supplementary

”:‘Irf‘ WO BoR QAL E 1T -‘ £




N bRACTICAL GEOMETRY
BR)  CRGUETTEEES

' I this unit the students will be able to
@ Locate thecentre of a given circle . ) )
@ Draw acircle passing through throe given poa- collincar points.

@ Complctethecircle:

O by finding the centre,

o without finding the centre,

When a part of its sircamference is given.

@ Circumseribe acircle abouta given trisngle
@ Inscnbeacircle inagiven inangle.
@ Escribeacireleloa giventriangle. '
Circumscrive an equibiteral triangle about o given circle
Inscribe an equilatéral triangle n 8 givencircle. /
Circumscribe a square sbout a given circle. /.'
Inscribe a square ina givescircle. /
Circumscnibe a regular bexsgon about a giveacircle, / =
Inscribe aregular hexagon ina givencircle.. 222
Draw a tasees 10 3 given arc, without wsing the centre, througha given point Pwhen Pis

O the middle point of the arc,
O atthe end of the arc,
O outside the arc.
® Draw s tangent 10 3 given circle from a poist P when
© oo the circumfercoce, O outside the curcle.

@ Draw two tangents toa circle meeting each other at a given angle.,
@ Draw direct commen angent or extemal tangent,
: Transverss common tangent or intermal tangent to two equal circles,

i: direct commen tangent of external langent,
& D:a\;;am common lsngent of internal tangent o two unequal circles,
O two unequal touching circles,
® Deaw o circle whick loncbas
g both the ams of a given angle,
WO canverging | passes i i
> mmvnxinsm:s and through 2 given point between them,

@ two unequal infersecting circles

W g
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Practical Geometry I

EREE Locore the contre of a given clrele
Gavem: A cirele without any mention of its centre
2 C

Requieed: To locate the centre of the circle.
Steps of Constriction:

fiL (jhuose any three points A, B and C on the
arcumference of the given circle, A

). Join A with B and .
lii). Draw the perpendicular bisector of A8 and AC,
<5

:" L These bisectors interseet at O,
S .
k- Ois the required center of the given circle,




PRACTICAL GEOMETRY
CIRCLE 4

| I In this unit the students will be able to

@ Locatethe centre ofa givencircle.

@ Draw s circle passing through three given noa-

@ Complete the circle:

O by finding the centre,
© without finding the ceoere,

When 3 part of its circumference s given.
Circumscribe s circle about a given triangle.
Inscribe acircle ina given tangle,

Escribe a circle o2 given triangle.

Ci ibe an equilateral riangle sbaut a givencisele, /
Imscribe an equilateral tnangle in o given circle J
Circumscribe a square aboat a given circle. /
Inscribea square ina given circle. /
Circumscribe a regular bexagan about a given circle. /, O o~

Insceide a regular bexagon ina given cirele.. = —
Draw a tanvgnt 10 3 given arc, without using the centre, through a given point Pwhen Pis

collimear points.

O the middic point of the arc,
O 2t the end of the arc,
o outside the arc.
Draw a tangent 5o & given circle from 2 poist P when
O on the circamference, O outside the circle.

L

©® Draw toacircle ing esch other ats given angle.
@ Draw direct ngent or extemal tang
o Tr tangent or i I tangent to two equal circles,
® Draw
O direct ngent of f tang:
o gent ar i 1 tangent 10 two | circles.

@ Draw a tangent to
©  two unequal toeching circles,
® Draw a circle which touches
©  both the arms of a given angle,
O two converging lines and passes through a given point between them,
o three converging lines

O two uequal intersecting circles

,;'U;-IESF,'"""’“‘9""“""§"“; T R — u N e
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Practical Geometry

EERET 1.0cute the centre of » glven drcle
Given: A circle without any mention of its centre,
Reguired: To locate the centre of the circle. \
" Stepy of Construction:
(). Choose any three points A, B and C on the

circumference of the given circle. A
(i), Join A with B and C.
(i), Drow the perpendicular bisector of A5 and AC. /
(iv). Thesc bisectors interscet at O, o 7‘

(v). O s the required center of the given circle,




Steps of Construction: .
(i). Choose any pomni C in the given arc AB at
reasanable distance both from A and B
with C as such we get ACand BC,
(i), Find the mid —points of AC and BC and
draw their perpendicular bisectoes £, and £,.
(i), The point of intersection of £,and ¢, is the
centre of the required circle. Denote this
point by O.
(iv), With O as centre draw a circle with radius equal to mOA or mOB or mOC .
This gives the required circle.
(b) Complete the circle without finding the center when a purt of its eiveumierence is
aiven
Given: A part AC of the circumference of 4 circle.
Required: To complete the circle without finding the centre.

Steps of Construction: =g
(1). Take any point B on the arc AC.

NOIHEGRESAE

Mathematics X'

. . . - - 2 . et 13 Practical gesesetry ciecle :r-‘u,. iahnuknl qnnmmq'mu' .r“ilt* . .
HERF] Draw a circle passing through three giv en non-collinear points (i), JoinA to B.BtoCand Ao, V
R e e . Wih 33260 s s et 25
) H draw an arc. Again taki .
Required: To dmw a circle passing through these points. S, (o il AT B msa"mmmﬁ“
Steps of Construction: PR i;n ) another are, which <ty the
(1. Join A to B and C respectively. ] PNt .
(i), Draw the perpendicular bisectors £, and 1, A (iv). Join B and C 1o D. With D as ceqtry and ragy
1B T ». v equal to mBC, deaw ca
of A8 and AC. quatio mék, doxw an arc and with C a copgye
(iii). Point of intersection of these perpendicular ! and radius equal to mBD, dryy another aec
bisectorsisO, : cuts the first are at point E, which
(iv), mem.ma=mcﬁ.moc.m“irck \L . ’°i"c"’"D'°E“’""'5ammu,,diu e -
This is the required circle. ! ) ¥ . D“cm'"""‘d"“"q"ﬂ“‘mc—e,h‘. mumnco,m,,“wm
(a) Complete the circle, by finding the centre when 2 part of its circumference (vi). Continue the same process which give n0ther arc which cutsthe firstare at £,
is given : nearer to the point A. Al the points p, g :.‘G"quence of points getting S
S the circumference of the required circle. "Sﬂobuiaduemepm|,,-,,
Given: Apart AB of the circumference of a circle. s By Trow =i denavii o o g ' on
Required: To complete the circle by finding its centre. o V18 Of ares joining the sbove sequence of poiats,

This gives the required circle,

Circles Attached to Polygons

FEIEIN Circomseribe a circle about o given triangle
Given: MBC

Required: To circumscribe a circle abowt the
given AABC.

Steps of Comtraction:

(. Draw A4BC.

(i), Draw perpendicular bisectors ¢, and
¢, of wosides 48 and BC, which
interseet each other at O,

(iii), Draw a circle with centre O and radius {
equal 1o mOA or mOB ar mOC. :f, |

(iv). This ts the required circumscribed circle about the given triangle.

ey —

O 15 QAN Nl
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{l 1322 Inseribe a circle in a given triangle
Given: AABC
Required: To inscribe a

circle in the given triangle ic. to construct a circle which

' touches all the three sides of the given triangle.

two angles say ZA and ZB of the given A ABC.
f the required circle,

Steps of Construction:
(I). Draw bisectors (, and {,0fany
(i), ¢ and £, intersect at O which is the contre o

C
fiii). From O draw OD L AB.
(iv). With O as centre and mOD as radius draw a circle , which touches all the three

sides of the given triangle.
This is the required inscribed circle in the given triangle.

1x8+1=9

12x8+2= 98

123 x 8 +3= 987

1234 x 8 + 4= 9876
12345« § +5= 98765
123456 » 8 + 6 = 987654
1234567 = 8 + 7= 9876543
12345678 < 8 + 8 = 98765432

(Wow/

Uni 13 hnnko" gecenetry cicle

123456789 = 8 + 9 = 987654321

hrw hematics X
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(i3 ool éomethy o O
Escribe a circle to »
Given: BABC Eiven triangie
R crquired: To draw an escribed circle
opposite to vertex A of
the AABC.
Steps of Cmmruilom e
() Produce A8 and AC 10 form twy
exterior angles ZCBD and ZBCE .
(i) Draw bisectors l" [’ and ll oraAo
ZCBD and £BCE respectively,
(lii). All these angle bisectors intersect a1 ¢,
(iv). Draw OF L AB.

(v). With O as centre and "‘F"""Mus.dm ‘
2

This circle is the required escribed i i
yertices Band Ceanbedrawm, - Sl escribed cirles opposite to e
m Circumscribe an equilateral trizg
b
Given: A circle with centre O. sl Ghven circte
Required: To circumscribe an equilateral triangle about the cige]
Steps of Construction: &
(i), Take any point A on the circumference of the circle
and join O to A. OAis radial segment.
(ii). Construct an angle £ AOT of measure 120°,
(iii). Construct another angle £ TOU measuring 1207,
(iv). The three points A, T, U which are lying
on the circumference of the given circle
are such that they divide the boundary of
the circle into three equal arcs which are
AT, TU and UA
(v). Draw perpendiculars to &, OT and OU at A, T and U respectively. These
perpendicular lines are I’HQ. E and W
(vi). These lines intersect each other at B, C and D forming a trisagle BCD.
The ABCD is the required equilateral triangle circumscribed about the given circle.
‘ X
IETTTEE




© HEEEJ tnascribe an equilateeal trinngle in a glhven clecke '

Glven: A circle with centre @,
Required: To inseribe nn equilateral triangle in the circle.
Steps of Construction: 1 y
(i) Druw any dumeter AD of the given circle. %
(i), With centre D and radius m OD, draw two arcs o
which cut the given circle at Band C.
(i), JoinAtoBand C,

A ABC is the required equilateral triangle.

v Exercise 13.1

1. Construct a triangle with sides 2 em. 2.5 cm and 3 em. Also draw its circumcircle,

2. Construct a triangle ABC such that mAB = 3" mAC = 4" and mZA = 60°. Draw
cireumcircle to this trangle.

3. Suppose we have a miangle whose sides are 3 om, 4 em and 6 cm respectively. Draw ity
inscribed circle.

4. Construct a triangle ABC with sides mAB = Scm, m
perpendicular bisectors of its sides and then circumscribe a circle,

5. Draw a triangle ABC with nr.24 = 60° aod m£B = 457, Draw three angle bisectors and
then inseribe a circle in it

6. Anequilateral triangle is inscribed ina circle. Find the altitude of the triangle if the radius

rofthe circle varics as under.
= 3umits, r=4 units, r=6units, r=12 writs . Can you deduce some result from this?

An equilateral triangle is circumseribed about a circle. Find the altitude of the triangle
if the radius r of the circle varics as r = 2 units, 7= 5 units r =10 units.

Can you deduce some result from this?
8. Circumseribe an equilateral triangle about a circle of radius 2, 3" and 17,

9. Draw a triangle with sides 2.5 ¢m, 3.5 cen and 4.5 cm long. Draw an escribed circle to
the triangle touching the longest side of the triangle.

BC = 6em and MCA = 8em. Draw

7

Unit 13 Procuical geometry chcly

10. For the problem in Q9 draw an escribed circle to the triangle touching the smallest side,

TR E Procticol geometry civcle
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Given: A circle centre at O, e 1T

ulredl: To circumseribe a square about the

s given circle,

Steps af enpteni ok —
(). Draw any diameter AB of 1he circle
(. Drw anther dimete 5wy,
perpeadicular to A8,
(i), Draw perpendicular PG, RS, T and
¥ at the extremitics A, B, C, p of the
diameters A8 and CD.
O et e i X T
(9 EFGH is the required circumseribed squae .bo;u
m Irsonibe @ suare in i glven glpele
Glyen: A circle with centre O.

equirest:  To inseri b
R, Toimerbe s e e e

(). Draw any diameter, say AB, of the circle.

(i), Draw another diameter T of the circle which
is perpendicular to A5 .

{ili). Draw AC,CB, BD and DA, ‘

ACBD is the required inseribed square. B '

1 the given circle. |

J

T
e e T

(BT

sl‘é‘%"
YAty

YA
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FEEXT Circumscribe s regular hexagon about a given circle

Given: A circle with centre O. .
Required: To circumseribe 8 regular hexagon about the given

o 2 -~

circle,

Steps of construction:
(i). ‘Take any point A on the
circumference of the given
circle.

(il). With Aasceatre and mOA as
radius, draw two arcs whichcul‘,a‘
the circumference of the circle at N
Band F, "3
{i#i). Through O, draw AD , BE and FC.
(iv). Draw perpendiculars at the extremities
A, B, C, D, Eand Fof the diameters 4D,
EBand FC of the circle. These lines cut a
cach other at points G, H, I, J, KandL.
GHUKL is the required circumscribed bexagon.

Inscribe a regular hexagon in given circle
Given: A circle with centre 0.
Required: Toinscribe a regular hexagon in the given

circle.
Steps of construction:
(i). Take any point A on the circumference of the
given circle.
(ii). With A as centre and mOA as radius, draw
an arc which cuts the circumference of the

m ;l B. Similarly draw successive arcs which cut the circumference of the circle at D,
(lil). Draw AB, BC, €D, DE and EF,
ABCDEF is the required hexagoa which is inscribed in the given circle.

* Hxerdoeiyg -

"' circumic‘“" a sc!uue_abwl acircle ofrag
s nseribea squareina circleof radiug 6 om
1 mwnsqm of side 6 cm. Cmmknbe .
circle inthe same square. Measure the ryg;; o'f‘"de

srstdraw & circle of suitable radius, 50 thag the
!

& Sdcs oflength 8 units.

Quare o &
k asquare of side 10 cm ina ciree ) ""’“““bed-bounhuwehu
S X . R > Wil .
Wuamguluhmgonmacmhormdim‘ cmlbelbe!n:o(hndim,’

Canstruct acircle of radius dcm 3 anamM
. lrhn‘
x 200 abhayt

s Sem,

7.

¢, Draw twWo regular hexagons of perig
centres, From their centers draw pe .Gg\mmmrm_
perelation of thesctwopgwcml ?"d‘“‘ 8 any of their sidumﬂ

m Tangent to the circle

| EEEHE () Draw a tangent to 2 given are, wigy
point P when P is the midde paint of ";l sing the cep
are

Given:  An arc such that P is the mid poin
[
| Required: To draw a tangent st p. Gikielh i o

tre, lh;“ngh agiven

Steps of construction:

(i Draw AB.

{i). From P, draw €D L AR,
(i), AtP, draw EF 1°CD which is the required tangent at P,




E . L ORCS Wit 13 Procticol geometry e,
(i1) Draw a tangent (o given 3r¢
point Pawhen Pisat theend af theare
Given: Anarc AP of acircle.
Reyguired: To dmw a tangent at the end point .
Steps of Contruction:

(l). Take any point Q on the arc AP and draw
| the chords AP and PQ.
(H). JoinA and Q.
(idi). Now construct ZQPT = LPAQ.

(iv). PT is the required tangent at P.

yor (e centre, throueh o shvey

1

without ush

A I [
(i) Draw a tangent 1o a given are, W itlout using the centre, through: givey
point Pwhen I'is outside the are
Given: AT is an arc and P is a point outside the a1,
Hequired: To draw a tangent from point P on the arc,
Stepy of Corstroction:
(). Join A and P. Which cuts the arc at B,
(i#). Bisect AP atD,
(i), With D as centre and radius equal
ta mDP, draw s semi - circle on AP X
(Iv). Draw BC L AP, which intersects the semi-circle at C.
(v). With Pas centre and mPC as radius draw an arc to cut the givea arc at E.
(vi). Draw PE which is the required tangent.
(i) Draw n tangent to a given clecle Truma point F whien P lies on it
circamnference

Given: Acircle with centre O and Pisa
point lying an the circumference
of the circle.

Requiret: To draw a tangent from the

point P.

Steps of cansivuction:

(). Draw OP.
(i), Draw QP L Q'_PulP.
(iif). PO is the required tangent at 7,

Qe

S proctice! geometry clrcle R or=a S
ﬁﬂ E IR DR
_ u
qppraw 3 tangent o given circie gy, ‘:\5@2

. -

‘Ifd‘ . Point PWhm Py
et A cin:l: with centre at O, pig, point y;
jred: To draw 8 angent 1o the cj 08 Outside he
o given point P rele from the e e, A

steps of Conste uetion: .

o With P E centre and mOP g radius, dra
anarc OA,

(i with O.m center and the diameter of the
given circle as radius, draw another gr
which interseets arc O4 at E.

(i), Draw OF which intersects the circle at -

l BrTaiial s
(Iv). Through Fdraw PF whlchutbcuqumh

m DA (W0 Rngents ta a cirele me
o

' Given: A circle with centre O and an angle bt
equal to angle B, The vertex of the \\1
given angle is &, N
wired: To draw two ¢ i
| Req .Ci":k' such lh:’:gtel:‘r:s ax;::L? ::‘:
inclined to cach other at the angled),
Steps of Constroetion:

ting each 0ther at 4 gsen angle

(i} Draw any diameter AB .

(). A10, construct £BOD = 20,

{iii). AtD deaw DE LOD .

« i) At draw 4G L OA. (ﬁ

{¥). These two pempendiculars intersect each
other at H.

(V). DH and AH are the required tangents
inclined to each other ot angle the angle 6.




grometry cidle FEos
canstruction: .
Join O and P, the centers of the

gen! |4 o two equal cirel
o
13.3.4 RU Draw direct commaon [F 1] it or tl(a‘nll tangent §

- ﬂuw;-romwn direct common tangent or

Biven Circleg
) OP ntC. .
; pisect OF
d P respectively. . i TP atD.
j & ith centres 3t O an ent to the given circles. pisest
| ch‘":‘&"’r q;:lww‘l“ :mmw tangent or exteral tang (:?))“ e ,em':—cucle on CP diameper Which eugg g
, Required: To draw direct . Am (). JoinE sndP. BIVen circle o0
i vi). Draw OF I EP.
” (viD. Join E and F and extend the line 1o o, directign, ;
' A ( m,_a‘ﬁ' is the required tangent to both the Circles,
b pEE O Draw direct common tangent op externa) gyp,
/ ; Kﬂ\ Given:Twonncqual circles with centres gy ) 40 i md;w 0 1o un _qgay i
3
\
()

cnﬂ'halhnga“'hhm ‘

Steps of Construction:
. Joln(‘)*:il’-m 2 on OP at O and P which cut the circles st A and
(3. Now draw P‘_"P‘"""ms
respectively.

il : . on u:::um:exuml tangent 10 (WO given equal |
(iv). AB is the required direct comm ‘
(ih Dr::::;nsvem common tangent or internal tangent to two equal circles

3 ively. 2 :
e esmtnwoghencic

Steps of construction:
ﬂ 7( (i Join centres of the circles O and P, OP eyss l&cﬁvlunkaﬂsmcﬁwly_
' {il). Biseet OP at Q. With Q as centre and mEP as

radias, draw & semmi circle, |
i Take a pin T on OFin the bigger circe such thst = P »lengsof e e ‘
of the smaller circle.

)

L () With center O and mOT asmdim.dmribeuarccmh;tbcmmal. I
(¥ Draw OL 1o meet the bigger circle at M, I

(k- Drawa PV | (W.Joiandelpmdmiuobomm.og«mccm |
langent or external tangent MN 1o the two given circles,




angent 1o two
. (“) t 5 common mngcnl or Inlcrnul ang lln('qual
| Draw transver s¢

Iy
i circles
Glvent Two unequal circles with ceares
tequired: To draw 2 transverse common

g radii 1 and r where 5, >
given circles,

O and P havin
{anent or feternal tangent t0 the

Steps of Construction:

(i) Join the centres of the given circles and produce the line to both directions, Alkg
draw a line segment AB such that mAB = 1+ r;.

(ii). With centre O and radius equal to mAB , draw 3 semicircle.

(i), Bisect OF a1 C. Then choasing C as centre and mOC as radius, draw an arc which
cuts the semicircle at Q.

(iv). Draw OQ cutting the bigger circle at T. Now from P, draw I_’._S"" 00 in the opposite
sense cutting the smaller circle at S

{v). Join OO cutting the given circle at T, Now draw a line parallel 10 OO0 but passing
m;ugh P which is the centre of the smaller circle, This line cuts the smaller circle
als,

{vi)- Join T and § and produce it in both directions. The line TS so obtained is the required
transverse tsagent of internal tangent to the given unequal circles,

r:-‘ . - a-.!_.‘_:y., 1 @ e tanent 10 0w e wneguy) totching Circles .

ual circles with centers O and p g
Ghvem P me a tangent to the circles, 10uching each Other a1 T,

!
mnp.lvl Capetrin tion:

aaep mer the centers O and P of the given circles. Op
VR i OF Pasis through T, e pg o

&3 B i
AtT draw a line ATE LOP.

| <
’Tﬁ}- is the required tangent to the given cirches,

(i)

(b) Draw z tunent fo fwo uncqual intersecting circles

Given: Two uncqual circles with centers O and Pand itersecting each other,
Required: To draw a tangent to the given circles,

x Mathemyies X
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Steps of Construction: ; .
::: Join the centers of the given circles and produce it to the night.

(). Draw a line segment PQas a radius of the smaller circle such that PQig o, alon

OP . Also draw OR , the radius of the bigger circle such that OR is paralle] o P\Q .
(Iii). Join R and Q and produce it to meet the line OF produced a1 S, Bisect thy line

segment OS ot T and draw a semicircle o@ which cuts the bigger circle wy,
(iv). Finally join § and L and produce it to Af. SA is the required tangent.
(i) Draw a circle which touches both the trm_: of a given angle
Given: An n.nglc ZABC whose vertex is at B. A% and BC are its amms,
Required: To draw a circle which touches both the arms 4B and BC of the given angle.

Steps of construction:
(k. Draw BD, the bisector of ZABC.
(H). Take any point © on BD and draw 4 perpendicular OF on BC,
(1li). Taking O as centre and mOF as radius draw a circle,

(iv). This is the required circle.

paw circle which tonchyes
(0 sinthetfween them

given lfwo converging lines I3 yng e
: meet
GV an angle formed by these ““mtin; l:: Band 2450
paint lying between these m“’ﬁns ll’lle;,& Letp ks

: “To draw a circle which 1o
WW the two converging um:chﬁ
and KC and passes lhl‘ouy,
given point D,
of construction: NP
(i) Draw the bisector BE of
the angle ZABC .

i, Take apoint F on BE and dray G L5,

(i} draw a circle. This circle touches the givm£:;:’:“"=w “Eun.ﬁ“

(i), Join D and B DB mun-‘icmk“"-hiﬂmnm:sm “ ;

(vi), With O as centre and mDG as radius, hw‘ﬁMchhid,u VFH.
fequired.

v  Exercise 133

(i). The middle point of the arc,
(if). End point of the arc,
(iii). Outside the arc. z
1. Draw a circle passing through a point D and toyeh
3. Describe a circle of radius 4em, passing through
straight line A5 .
4 )hdimofacirclcisZ.Sun.ApoiquisnldiMmceofScmﬁmlbe ;
tathecircle from the point Q, oo Dewrtiagen

5 Radii of two circles are 2 em and Jcmandtbei:c:nmsmacmmnmwdhm
common tangents to the circles.

6. Two congruent circles are of radius 4 em exch. Their centres are 10 cm agart. Draw
fransverse common tangents to these circles, j

7. Radii of two circles are 2cm and 2.5 cm respectively. Distance between thelr centres is 5.$
. Draw transverse common tangents to the circles,

b Daw £ABC of mensure 60° . Construet a circle having radius 2.5 cm and touchisg the
&ms of the angle,

o gl 5 st i
a given point C "’"‘Wlﬁ!lpm
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adicular bisectors of two nop -paral
’ i sven. Fill in the correct circle only, The PEE entre of the i let ¢ )
1. At the cnd of each guestian, four circles are SIVER 4 ; % is o~ o whichs known 2s ¢ circle, hoeds oF 3 cirgle intergeg =
measure of the extemal angle of @ regulnr hexagon ; radiuscan be traced by rota; 2 poiny
vy The o A“dg ofany ; rDIMmg“omM
ok of 0% e At can b dran OUEh B hree o, g0 et ;
3 : : qale, the circumseribed circle, inscribed o
(i), Tangents drawn at the end points of the diameter of circle are ’ ::h‘::nﬂg“‘" be construcied » nscribed circle ang escribed i ‘
© panaliel O perpendicular \Wheaapart of circumference of a circleis given, o © pposiie 1 |
O intersecting O none of |l?esc . . i circle is given, then the circumscribed ang im"ﬂ’:ﬂﬂt’ewrnplmd.
(i), How many tangents can be drawn from 2 point outside the circle? (] P astructed. 4 equibicen 0z N
ol 02 03 04 Foragiven circle, the circumscribed and imm’“"‘lmscmb
(iv). 1fthe distance between the centers of two circles is equal to the sum of their radi;, o fors givencircle. the circumscribed and inscribed regularhe edraun.
then the circles will @ Tangents c2n be drawn to a given cirele, when a point s an e cnbecostngieg ,
O intersect O do not intersect point outside the circle. 158 itg cim,m&rtmtmd(mma |
O touch each other externally O touch each other intermally ° e can draw tangents (0.8 G i etk s ‘ |
2. Practically find the centre of an arc ABC, {heasc. ] anygmmmdammm
A i frcle opposite to vertex A of a trian, gleABCwilhsidesIAB]=Scm.|BC =4em, . AT
2 mﬁ::l.";ll:d its mt:lieuso n\lm.’:‘l = i  Tiogentstoro uncgunl ‘oum""stmlcs canbe traced,
© Wecan construct acircle touching the arms ofa iven angle '

4. Circumscribe acircle about an equilateral riangle ABC with each side of length Scm,
5. Circtsmscribe a regular hexagon about a circle of radius 4em
6. Construct a circle of radius 3 cm. Draw two tangents making an angle of 60 with cach other,
7. Draw two equal circles each of mdius 3.5cm. If the distance between their centres
is 7em, then draw their transverse tangents,
8. Draw two comon tangents 1o two intersecting circles of radii 2. 5cm and 3.5¢m.
9. Draw two common tangents to two touching circle of radii 3 cm and dcm, EesT 2
A SUmenary of neveral pages
cafsomebiones be as brief
NENGS One =entence.”

Direct OF transVerse common tangents of two : :
o drawm. equal circles of two unequat cinclescanbe |

Acircle passing through a given point between tw ino I )

ofthem, can be traced. 0 converging lines and tosching each |
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Exercise 1.1
iii, {-5,2)
i (~1,~4) ii. {1, 5} iii, -5,
L i {3, =7
L Ay, -} vi. 3,
w. {5. 3} V. { 3
i, (-10,4} it. {5+ 44, 5-vI4} iii. {0, =3}
15 s
iv, (-12, 14} v, {3. 5} vi. {-2,5)
e 3] [, =3
i{3,5) i, {15, -5} fii. {O, —4—}
6 3 4 1 __1_}
{l*"?. l-—‘;—-} v. {—2-. 5} i, {2, 2
==
i 1,7 i {12, -6) iii. {-2+43, - -3}
iv. [=10)

A |3 B ()

Exercise 1.2

(i) {:7‘2. g\gl ) {o. '7’}

(i) 2.2 3]

(i) £1.22}

Ay

e
! ) {lt\/g}
i) {142 Vi5 |
(xi) (0,2

; { -5+5 }
(xiv) 2

ﬂ [£1.1£3]}

(vi) {m, ;2} T —
5 (vii) {1'3 1}
'3

x) 12,0

(xii) (-1, 2) — [
HiH{<14 712 |

(xv) {‘41JS_} -4 lJ

" f"'%ﬁ-wz)

Exercise 1.3

@ {3) tii) {s) (iii) (s} "
, v {]
w12) (i) {0] (vii) {4} - } |
(i) {0, -2 (0 {-1 L
| wie ofd oy
o
‘ Review Exercise 1
’ TR i 125
5= 1. cannot be simplified
=2 b=—) c=_3 V. x=4,) W r= 22
- 2
‘ vii, x=2 viii. 2. or-9 ix, x=3ary=5§

a=2b=0 QR ve-2 |
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o Exercise 2.1
1. (@) -36 ()9 (i) -3
2. (i) Real (irmational) and uncqual (i) Real (rational) and uncgual
@ii) Complex and uncqual
l 3 () %6 (m) *12 (iii) =
[=s£8] a3 3l @it
4. (u){—-z——} ("){ e —2-} (m){ ) }
5. (1) The roots are real (rational) and uncqual: 3, 3
| (it) ﬂnmoumml(hmioml)mduncqual :3+~5,3-\f5-
Wi

(iii) The roots are real (irrational) and unequal
6. (i)(n)ksg mn% @)@ kSl B k>
| ﬁii)(a)ks-? (b)k>? 5

Exercise 2.2

s o o, -0 (i) 220,267
T 2. MO (ii) —1280° i) 6w -1

(i) =3 =30, =30’

Exercise 2.3

-3
Product of the roots i

) Sum of the roots = 1,

(ii) Sumoflhzroou-g. Pfoduc(ofﬂlcmols-:i

: - -5
l (iii) Sum of the roots = ; Product of the reols = 3

Answers -
;lt,'

M m

k=—6 ;
-6 n ket

k=
n k=16

i

&

i

‘f'i
=

-

-
)
=

M=5, n=a
Exercis,, 24
¢(b* —2ac)
-
a
[0 207 =3x+1=0 (i) £ =
(iv) & +ar-20°=p 1220 (i) 2-6r47.9

au:-([,:_zm_)”cz=o
g M
W5 @) 5 (G -/
° 4
155 +26x+15=0 6. 2 13xa1y
=0

Exercise 2.5

n
-
-

Q(-")=3J’~7I‘20,R-_6]

(ii) Q(-\):l‘:—xfg_k=o i

(i) Q(v)=2x" =4 £ 5x=5, R

k=8 B p=-4,g=1 n N T
-2 245

Thd

Exercise 2.6
' 7
0 (L -1).[;. -%} @42 (6-2) @m0
(i) (1. 2 (?— 36] (1, 0), (-1,0) |




F‘ "!. ?’= -‘--r-x.- - R e, . Answery
vi. (3.6), (-3.6). (3. -s). (-3.-6)
ERIE RIS
Vil 72.' 0 Tz'- 0 W' 72'
EER i 5.9 i (-2.2,¢-1.3)
- Exercise 2.7
| s 0 R s o4 s EElomdm
N KR 6and 8. -6and -8 21m, 12m
N ocm, 6cm - 9¢m, 12¢cm Jem, Sem, 4cm
T 15 cosss.
| Review Exercise 2
[ ] i, F-sl§5=0 ili. none of these
iv. 2
7
, 25
2 128

s o Sumofmou:O.Pmdnctolroou:-z'

(i) Sum of roots = -; . Praduct of roots = 0

x=‘§' k=t [EEE 6x'-17x412%0
R The other root is 1, k=6
-1.-2

@ (=1.4).(a.-1)
@) (V22).(~V2, 7). (V2. ~3) (V22
BRIl Scm. 6om

H
3

Exercise 3.1

151:208
x=63

First Partner = Rs. 8,000, Seconil Partner = Rs, 12,800, Third Partner = Rs, 19,200

—-
g
ﬂ 145
ik
m

y=81 (i), «x=10<10
y=2 (i) x=1 v |
r=54 (H) p=18
x 4 6 , 7 15
' y 2 3 f 35 7.5

' Exercise 3.2
|
PR ) Continued Proportion
(&) Not in continued proportion (1ii) Continued Proportion
E, S +6
| a5

[ is3s 43! ;

(R +o+ ‘

R y=

Gi) -%.s.s (i) ‘Ea




(i) 18em
| 119N/em®
8 days

Gem.
i axh
! v, 2ut
c
l vii. xe3
' X. x=—V¥
R
- 20
|
5 R
M 5

45°, 60°,75°

-'Ma'mmx

Exercise 3.3

Exercise 3.5

(i) 3

100N/em’
B oo’
v =2816cm’

Review Exercise 3

i mn=k iii. 3to2
v, x=21 vi. &

11
vill, a=—
2

wd

e e
L&

Exercise 4.1

! 3 — ]
”2(:*11" 2x—1)

' g i - B 1
P}’zx-x nz(nn 2{x+1)
1 6 8
G+

5
ﬂé(:+5}+6(x—l) SEx=1)
-' S DU JRCA
F’qx-l) A1) 2asl)

) 1 5 o

1
ﬂ -—9;.9(x_3)+3(x_3)2

1 1 1 3
” 4(x+1) 2 2(x—1)? oh atx—1)

Exercise 4.2

11 .10 6
e S e b
x+3 x+#2 (,+2)’

2 ——

+
x+1 0 (x41)

.!

5 x=11

1 2, e
BT ;L,Y_’fﬁ = 4(x-1) 4(x+3)
gemerem 31 + | 3 m-_3_+.___3_
£ 2r1 2= 52 5(P+5)
v 1 6x-3 0, I A )
= T(x+4) +7 3% 4| x+l =2 (,r_z)’
n 4 4x+8 x=2 4x—35
— . Bl ——
f S(x-2) 5(,\"+l) (x“-l-l)' (<* + 4)2
: :

4 2 1
m' + + it
(2+1f  S+1 x+l ==l

=i=% -3x—3 3

“+

1 +
(R+1) 2 Z£+1 2(x—1)
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Review Exercise 4

< | Exercise 5.3
'_ (i 'zTLl_fE(_Lﬁ (ii) Rational fraction (ii) Improper fraction ;
XK= X+ :
(1) i
(iv) F-3x+1 ; ;—- i
3 | T
2 . . i eI -
I L :"x-l x+l » =2 x-1 ' /‘
l 1t -l'f"—i-—z— iv. _l—‘._‘z—: : //
| TR =1 (x-) | 7
1 o 3 PR (UL Y. |
. ,!-2‘;’.2 B =1 —‘_2(_"]] 2(,:“) i — i
. X¢3 x+2 2 e X
l . X‘*'-(g’olr e 2= x' x+ 1 4 X
! 0]
ix. =1 i 3 b
F4+2x+4 12 U
(a) AH]
Exercise 5.1 !

(v){0.1,3, 4} (vi) |1, 23]

N ) (0,1,2.3) @ G [1,2.3.4) (ivy (1.3}

(i) (1} {4.6,8) G 0 L2 30 1) G (24,6, ). ) ! {ii)
W1,3,57,...19) (i) {2,4.6, ... 20) 3 u
(i) {1.2.3. ... 20) (iv) (1.2.3, ...20] !
) (vi)(1,3,5, ...19) '
(i) [1,2,3, ... 20) (viii) [2, 4,6, ... 20} !
fi) | ) 011,23, ...20) f
@ 11,2.3,...15) (i ) !
(i) { ) () {1,2.3....15) |
){1.3,.., 15 (¥) [1,2,3, ... 15} !

(b [ | (Vi) [2, 4.6, ... 14)
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F . . Asevwery r — m [41. S (‘;" :')' [:' ;,' (:' g” i) Misa fur i, .
. (it} Il'.fi’.(;.. l.(.}. L5 T R‘"Wﬁ' ".2.).51’A
Exercise 5.4 i) (,|_(;;_ ((; 2;:7;: ::"::} (H) Wisa fancion ) ‘
{iv) (15, 1).46,2).(7. 3), (8, Range - 113 3.4 .
o Re= (L4249 ) [(5.41.06,3), (7.2, (8, 1)] ) 5 s o £ A, not oty
YRl 53, (2. 6), (3. 5), (4. 6)) ive
Ram (2 °) (3. '5';’(\ - (vi) (01,53 (2,60 (3.5), (4, Ranpe ~ 41,2, 4, 554 A, st ot
Ra= (L AN S (3, . )
'. i) Riw(d, ) Review Exercise § |

I Re={(5. 10.¢5.2))
3 Ry= {(d. 1) (4.2), (4, 3))

(i) Anonto function from At B (i) 2.3 (i) (0.48,12) and (610,148
Re=[(4,2) (4. 3 (5. 1), (5. 20

Ry= (1 1.¢1. 20 (iv) 13 (¥) Ronge /=B {vi) {08,10,14)
(it} =L L2

Ra={(1.3).(2.2))

Ry= ({1 1.(2.2), (3. 3))

|

| @) (1,2, 30 100] GYO ) Gl (24,6, . 100)
5 Ri=[(3.1),63.2))

|

v (1,3.5...99|

(v Ry={4.4)
Ry={{4.4), (4.5)]

‘ B Row {2 1), G 1,44, 1% (4 3))

(.|) Function (ii) Bijective function
(iit) Bijective function  (iv) Nota function
Range = (0, 8. 16}

B Range={1,7,17.31,...]

(i) Function, Range = (1,2,3,5} , nut onto
(i) Function, Range = {1, 2,3,4} , not onto
(iii) Function, Range = (1,2,3,5] , not onto
’ Exercise 5.5 (iv) Not a Function

B R, s 0ot function.
R; is onto function,
Ry is into function.
JEEEEE )  inwfunction
() nota function, because both conditions of being a function are not
' satisfied.
|

(i) ((=5.1),(=6,2), (4. 3), (-3.4))  Notc: Several answers are possidle,
1) (=5, 2) (=6, 1) (=40, (-3.3))
(iif) {(=5,4), (-6, 3). (-4, 2), (S )]
i) [{=5,2), (-6, 2) (=4, 1. (3. 3]

(i) nota functicn Exercise 6.1

EEERALY

(v)  into function {Tass-Limitx Tally Marks Freauensy
(i} There exists ane-one comespondence between set A and set B, 35—45 Il 2
(i) There is oot one-one comrespondence because Pe B 46— 355 1l 5
remains enpaired 56— 65 | o
(i) There does not exist vne-oae correspondence between sef A wnd sl B, 66 75 LA ’
| Itis ome-one function. ! 76— 83 LH1 $
(ii) ‘lberc does not exist ane-ane comespondence between set A and sel B, 86 —90 I _,_J—-
It is into function,




m B ) N =
_B -' . 5z = ) WQ{:M .
: ] il | s
S J
R , = b '
] 466 7
3 7297 g 6
] 112 ‘
l. 5 13=115 04 51 ‘
7 |
= § 3574 02 4 ,
a Ef=35 1 |
3] 1 |
. & J 0 - \
| g R
- , |
1 N ] 8
3 7
I ’ ] L
’ o
'l. : 4
l o }—————— - 3.
" 195 M5 295 M5 395 4435 495 345 N
i Class-Lifmits Taity Marks Frequiency 11
i 30— 1l 3 0 s
] - N
25 — e .
r " 2 : B [ Clscinerl —Cefite
L o ”" ’ —
|




F . - : : Ansiry K&‘-’m SR
: Exercise 6. ﬂ
2

|
l m Class-Limits Tally Marks Frequency
Less than Frequency Polygon
. 55—064 I 2
65— I 3 2 7
75—84 W 6 |
85 —94 1l 4 "
it} 95— 104 I 3 /
0

105 — 114
15— 124 " /

125 — 134 0
F 135 — 144 0 5
] 145— 154 I 1 /
[ - -
I E=Er Age in years Upper class Frequency Cumulative 93 585 93 795 "s 93
' Boundary frequency c
20—24 345 1 1 .
2529 295 2 142=3 More than Frequency Polygon

3034 345 i 3416719 =
] 3539 395 10 19+10-29 0
32 29+22=51 - \

=T TG
' ! 4549 49.5 20 51420=71 | 15
| 50—54 545 15 F1+15-86 |
] = 395 4 86+14=100 |
x 3
. | \
. [ .
! i 7 | ’
5 ] / )
] i :: i 0 v s
% s ses s s w3 :
)
0 @20 @6 @S ()10 g



. R Fom .
F' ) | g z MM‘W'W‘ Rt AT 2 o
) —— " r v R -
.I "‘n{ - . | p §.D: Matha = 9.9, Ph’“'“’l's-i"ﬁyslcs students are more consis .

tent.
Variance = 288.8D =17
I . e Review Exercise 6
3 ;: ' ] ” O Chushenl @  Ogn (i) Frequency
E- 25 / @) 1 M 1,23321,2 (vi) Geometric mean
% 2% / (vi1) 66 (vii) st Gix) 7
i s Z x 0 Od) - Rs. 60w/ (xH) None of these
I R A (xili) Range (xiv) Arithmetic Mean ~ (xv) 0.5
| S A (xvi) Variance (x¥ii)  Mode I
= 2 |
0
I TTSG005 G005 70005 80005 %0005 100005 Tiooos [ : o ¥
,' Upper class hoandarics Classes g
140 <
| I Exercise 6.3 1516 12 120 1
i = 0+ .
h- 78 2 I 1= o %
o 19 -20 3 ]
| B 1247(or assumed mean of 1244) 53.5 marks "
! (i) 655 inches (i) 7500 Total 27 | RO
|. BERERTE Mean = 66, Median = 67, Mode = 71, GM = 64,44 £ A8.C0 0k

' Mean = 1543 Median = 156.5, Made = 160 BT G

Median = 121,125, Mede = 119,62, G.M = 122.49, HM = 119.44

Y
Y % ‘—-(
R0 S 1 £ s =
Acdian = 12.5th item Q, =4.25th item 2T Z w0
14 s
Q)= 12.75th item Mote = 26,166 2+ g
w4 3 150
®wT i
Exercise 6.4 . et % _k
14+ -l
BRI Ranee =12 By 1:
) 1 o |
' BEER 0 »2 @so  @yn ¢x BT X
BEEREIN Range=6s.  Varimce=1038 and S5 32 2 vpamBggil
AM: ; e F REr B B W RoR
m @ : Section A=7, SectionB=7 0 S 1§ 2 a Weight (kg)
Variance: Section A =2 4, Section B = 6.4

(b)
L.
e i
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2]
2

o

!
B

i

(1) 8.2597"
mas
() 146"

(1v) 1,0876 mdians

(i) 39.8182% (i) 431947
(1) S7°19'307 (iiD) 12°59'44"
(i) 200°

)
i) ;r:ldnn; i) :;Emums

() 1.047em (i) 31415 em

Exercise 7.1
(iif) 30°
(ni) :1& mdians
6

Excrcise 7.2
(iii) 12.57 em

Answery w
(i

\

(iv) 18.1058°
(iv) 32°37°30"
(tv) ~135°

(i
cosee(-2707) =1,

(i)
we T2 =1, cot?

@) sin(14707) = 2 ¢

sin(~180°) =0, cos(~180°) = -1, tan(180°) = 0, conee(~150°) = undefined
_m(.-lsn") = =1, cot{=180") = undefined

sin (<2707} =1, cos{-270%) =0, tan (-270%) = undefinedd

sec(=270") = undefined, cot (~270°) =0

$in 7207 =0, cos720° = |, tan TP = 0, cosecT2 = wnulefined

20° = yndefined

&

0s(1470°) = Tj tan(1470%) = ;';; cosec(1470°) =2

(1) 2.8 radians (1) § radians
()382em (i) 01632 cm
96 m°

(i)2625 em (i) 6.5625 em’

(iii) 2.09 radians
(iii} 6.366 cm

w(md’):%. cot(1470%) =3

L B o2 5
‘ msﬂsi.smﬂ-——z'.!.mﬂ--G.cmuﬁ- :,-5.«1!0- T}-
-3

Scm
Jomm

raie

—-—

ARem
6mem’

(1) 415%,-305°

1 5%, Zix
' {iv) TR
(i) 4* quadrant

| (iv) 2* quadeant

- (i) +ve, Il quadrant
(i) +ve, T1]-quadrant
(v) -ve, I1l-quadrant

i
I

Exercise 7.3

@S, —a0se (i 2%, - =
6" G
(i) 1™ quadsant (iif) 3" quadrant

(v) 2% quadrant
Exercise 7.4

(ii)+ve, N-quadran:
(i) =ve, U-guadrant
(¥i) +ve, ll-quadrant

5
R
1
i (ii) ==
g o O

(i) 1" quadrant
(iv) 4" quadrant

[ 7 NOEE
T 133.92yd

40°
26.56"
260 feet

20
Ji-1

.

3 e = -
=, 1an0 3.m0 J.mle =

5

G e

hn)H—\G {im)2 v)

(i) 3™ quadrant (ki) 2" quadrant

(v) 4% quadrant (i) 2% quadrant

i) 2616 @) 119
Exercise 7.6

n s043m
‘!wm—
}()U(J.‘ " I)m



[ Review Exercise
) !
i (i) angle of elevation (i) cos8 Gl sec’® (iv) By
smb

L i Vi
: ) 1" quadrant ™) 7 (vil) 26496 (viii) 04
Gix) 23 (x) 45°
2, 45.5916° 3. 216%0°12"
' 4. (i)%’smdian (i) 2= radian
| 5. (#) 550°, -170° (i) 110°%, -610°
: 1 N =
' 6. (I)Sin390°=—.ms390‘c—.un390°-7
ll' 2 2
| casec300° = 2, sec390° = ﬁ.cmaoouf

(1) nn(-uo‘) - _“C cos{~240°%) -_ L tan (~240%) = -3
cosec (~240°) -73. sec(=240°) =2, cal (-340°)=7'.;=

- =3
8. cosﬁ:-%. “n(’:_{_S' tan0= -3, cnwd)-?;—.cmn--i‘-
9. 44 m (approximately), 10, 194 feet (approximatety),

Exercise 8.1

B ——

[ . l4cm 2. L.5em o6
' 4, ZB and £ are obtyse.
Exercise 8.2
. 57 om J1aZem, J58em

mE-6cm. mAD =6J'3-Cm. m-A_ﬂ=4\fI3 om
mE:vngcm. mZ‘TJ:yz-’-cm
Hatenses X I, T OIR SALE

s .-y‘_,  Answart * ey = . ’ {

Review Exercise §
ﬂ () Greek (i) Pera (i) Mathematician
g 15w
T mbC = ﬁ mADaT-cm mﬂb:T.an
R 2~ Vi
m .‘.___-.~4 53(approx) |
,..2—,75-:4.47(.,,,,”., |
o ‘”l‘;‘” =8.92(approx) ‘
i
Exercise 9.1 |

Bl 40V2 em m 0 em %=l5min I
B V31 em W¥em B M

Exercise 9.2

BE] temor7em £.39 cm
X Qrerr

(b)Y PR is fanher from C than 0T ,

Review Exercise 9

BT (0 conpruent () CDiscloser1o O fiii) 24 contimeters (i) 15 units
(V) 14 Rumits (w1}, 6¢m (viy 8

ST ) AC =12m, AB=24m (1) Raulius = 10 cm, Diameter = 20 em
T e b

:

i Sem  G¥) 48 Uniw W32 m

e




m e
I Exercise 10.1
l Im Som Vi7em

(i 2 (i) 1565 (i) 10

l I6em .

|’,xcrcigc 11

M. x=12,; y=9v @ x=11, yogp
(iii) x= 12, y=614 (iv) x=11, y-elé
(v) x=16, y=531" {vi) x =g, ;

3
& ===
‘ 2

y=502

| =49,y =14 i) x=58.y=15 Review Exercise 11
. < ¢
I (ii)x=34,y=148 (iv) x =35, y=55 ® W3 (i) AB=Cp
U
' s s ﬂ ZADB = 65°, ZBDC =25° um’(?:m'
| ll (iii) 335 cm ) 3(\5-1)cm
1 Exercise 12
=35 y=
g Exercise 10.2 -
| it ‘ 10 units
" 2
1 cm 12em 24 cm EEEE )c=6 x=10 G a=45,6=3
l-l 12em 16cm  [EH 10cm
- Review Exercise 12

BEE o B3 6cm

! B 6 6 e G NO ) dr () 31930y
| 3

Review Exercise 10 R e
lO
¢ : e (i) x =98%, y = 60° (i) x=38% =257
(i) anarc () OTLPQ (iit) equal
h IR )x=50" i) x=125" (iii) x=50°
(iv) x=45° (v) ym12" (vi) x=70"

| 24"

(1) 26° (i) 122°
(a)i=8, j=674

(b) £=12.6, =500
Mathematics X

Review Exercise i3

. i o
m (i) none of these (ii) neot of these (i)
(iv) touch each other externally

-———— B e




Quadrntic wyuation
An equatzon that can be wnilen in the form
av +hy+es0 ) :
where @ b, and ¢ arc el nunbers with @ 20, is a quadmtic eyuation

Standard form
A quadratic equation writen in the form «
Zero.factor property of real numbers
1 o and b are real nembers. with ah = (), then cither a=0 oc b=0
Squiste root property
The salution sct of x° =K 15
IVE.- k)
Quadratic formde
The solations of the guadraric eg
where a=0, are

-b2vb- dac

A o ——

2e

& 4+ b+ w0 is in standard form.

ar’+hive=0,

Radies) equation
An equation in which the vaniable appears in ons or more radicands.

The discriminant
The expressien b* - 4ac that appears under the radical sign in the quadratic
formula is called the discriminant,

Culbie mols of uniry
1,05 eo° are the cube roots of unity, where m='_l_*‘-‘6 PR St l\r}
el

Properties of the cube routs of ualty
L. The swin of the cubs reots of unity is zero, Le. I+ w+e’ =0
2. The preduct of the cuhe roots of unity is 1, Le. Ixexef = ' =1,

3. Each complex cubs root of unity is recipeocal of the other, ie, w= X
iz o i

T l‘;!nia,,"

@03 e —
e’ cen the rools 8\ ETTI I — I
(5 actation betwee il the coefTicients of 'Nudrfl‘i :ﬂ{ -ﬂm

Ifa,fpoare the roots of the quadratic equation
ax’ +hx+c=0,then

Gum of the roats = 2}
a
and product of the roots = &
a

f,,rmnlkm of quihiati  uation
The quadratic equation whose roots are ¢, p giveaby
£ ~ (sum of the roots) x + product of the roots =0
simulwnems cquations 3
More than one egquation which are R
variables involved, are called simultansous equations or :ty ‘system of '“':‘ of the

Ratio

Arelation between two quantities of the same kind is called ratio,
rroporﬂon

Agroportion isastalement, which is expressed as equivalence of two ratios.

Iftworatiosa:bandc: dmcqul.lhmwemwﬁua:gzd
[ AP |

Direct varigtion

If two quantitics are related in such a way that when one changes
in any ratio so does the other is called direct variation.

Inyerse variation -

If two quantities are related in such a way that when ane quastity increases, the other
decreases is called inverse variation.

Joint Varistion

Jaknt variation is the same as direct variation with two of more quantities, Le. Joint
variation is a variation where & quantity varies directly as the product of two or 1ore
other quantities. If x is jointly proportional to y and 3, we can write xkyzefor some
constant k. We can also write this relationshipas

artion

If P{x) and Q{x) are two polypomials and 0fx) is

thun the fruction -g-t—‘)i is called rational fracticn.
X

non zero pelymamials

/
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Proper vt iomat ©ogtian

A national fraction , @{x)#0 is 2 proper rational fraction, if the degree of
numerator P(x) is ess than the degree of depominater @(x).

Tovproper ratinaal fraction

A mational fraction f;—x;. Q(x)#0 is on improper rariomal fraction, if the
Q=

degree of numerator P(x) is equal to or greates than the degree of desominator Q(x),

Partial lructivns )
Splitting up a single rational fractian tato two ar MAI® rational fraction with
single factor in denaminator, soch a procedure is called partial fractions

\ st is 2 “collection of well-defined diﬂimom.sellmmpttscnwdby
wiw&ulish-lﬁuun,i\.s.c....Zmddcmotmuueptmwdbymu
English alphabets, a, b, c, ... 2.

U niun of two seis,

If A and B are two sels, then the union of set A and set B consists of all elements
in set A of in set B o in both A and B, and it is denoted by AU B. Symbolically.

AUB={x|xe Aor xe B)

Inlersection of 1wo s¢1s
If A and B are two sets, then the intersection of set A and set B consists of all
thase elements which are common to both A and B, and it is denoted by ANS,
Symbolically,
AnB={x|xe A A x< B}
Disjoiat sets
Two sets A and B are disjoint if AnB=¢.
Complement of o set
If U is universal set and A is 2 subset of U, then U\ A is called complement of
set A, and is denoted by A'or A'.
Differenee of 1wy sets
If A and B are two sets, then their difference consists of all those elements of
A which are not in B, and it is dencsed by A\B or A - B symbolically
A\B={x|xe A Ax¢ B)
Cumanulative property of cnion
For any two sets A and B
AVB=BUA
Commutative praperty of latersection
For any two sets A and B
ANB=BNA

3
’ . ,\w,;uli\r properiy of union
3 For any three sets A, B and C

Au(BuC)=(AuB)uc
jative properly of infersection
For any three sets
AN(BNC)=(AnB)nC
[)is“ib“'i“ property of uninnvmrr intersection
For any three sets A, B and C
Au(BnC)-(AuB)n(Auc]
pistributive property of intersection over unjon
For any three sets A, B and C
AN(BUC)=(AnB)U(AnC)
Pe. Morgan's fovws
For any two sets A and B

() (AUB) =A"np’ (1) (A/\B)‘ =AUB
Vean dipgrams

Concept of sets L.¢. union, intersection, complement, di
explained easily withs the help of Venn dagrams. In these m ait,tm
represented by a circle and universal set is represesied by 2 rectangle.
Ordered pairs

(a, b) is called an ordered pair of two elements @ and b of a set or of different
sets, where a is the first element and b is the second element.

(o, b)=(b, a)

Caresian product

If A and B are two non- empty sets then A x B is called Canesian product,
which is set of all ordered pairs such that the first element of each vedered pair
belangs to set A-and second element of coch ordered pair belongs 1o st B
symbolically.

AxB=|(x, y)ixe A and ye B]

I A#B, then AxB#BxA
Binary relution

Any subset of A x B is called a bimary relation, where A 20d B are two soa-
empty sets,
Damain and rcange of Binary relution -

IfR is 4 binary relation from set A to set 8,1.€.

R= [(x y)lxeAnye B].lhcndomhofkbmofﬁmekm

of all ordered pairs in R and is denoted by “Dom R"

AssoC




l&;..!."'f""i?: eIy ‘_‘_,.;.l. '.,_., ; . e
s g v :
mﬂﬂsedenuofucoMelcwofnﬂa*ﬁdpammR.andls
by “Range R".
l-'undi‘i? A and B are two non-ctpty scts, then & binary
functioa from A to B, if
(i) Domf=A o
(i) There should be no repetition ¥
cootained in f.
Symbolically
f:A—B
Domakn, co-domain and range of nl‘uyﬂiﬂn ; RO =
Lafl: A —eBbufum.mcnulAucu(l’l‘edl;Mpﬁnm s

co-domnai Hudlhesclorsccondckmnunflll
praer of ubset of co-domain

{is called range of f. The range is 5
ie. RangefgB
lmommamﬁmﬁmAwB.mfiﬁmmm.il
Range f 2B
Om-t: rbe'-a‘mnﬁm A to B, thea f is onc-one function, if for e;ui'h r€A
there exist wnique y € B.i.z.ma:imowpelidmindmmndclemcmohl ordered

pairs costalned in {,

ane-of {injective function) ATl
mcl..:ldl‘beam&:nAwB:Emﬂsinjmtivc(iuomdone-m)fun:uomr

selmion T is sid to bz a

n the first clements of all erdered pasts

(i) Rangef#B ,
()  There is nonptdﬁonhlbesmwdelcmuddlodaed pairs
contained in f.
functio ective fuuction) _
o mfb:‘:ggaim‘ﬁvﬂAmB.mﬁsmMull
Range f=B

function from A {0 B, thea f is ane-one and onto (bijective) function
if it is both one-one and onlo.

One-one correspondence

Ira and“%nmtwonoo-anpcymsmn cec-one comespendence between A
a0d B is a nale for which each element of set A is paired with one and only one
element of B and zach element of B is paired with one and oaly one clement of A,
and non of the membess of any set remains unpaired. It is also known as one-ta-one
function. In one-one correspondence both sets A and B have same number of elements,

One-one and anto fonction (bijective function)
Let fbe

Glowrg - g e
t 5
el

Hlistugram

A sm‘lhical represeatation of dita in the fony of recty
Fn"l“"""ho o

Anumber showing crepetition ofa value ina pf 4

Frequency Palygons S

acurveon the graph showing the frequency of valyes

Median '

Avalue lying in the middle of urranged data s called median

Mode . .

Avalue repeated maximum times ina given set of. mode

adataand hence i usually used to find publiccp‘i)ni‘i::.l el Fahansthe Indoof
Range

The difference between maximum value and minimum value i givensetofdata,

ngles is called Histogram,

An angle is a union of two rays which i
the ray is called “initial side" and other ray is nlm"‘;mgn dainnatanid
&ng&mal’:’;uem (degrees, minutes, seconds) ;

It is the system of measurement of an angle i i i
divided into 3§0 pans called degrees, written ?&;.mbm pd!nmc mlunon .
parts called minutes, written as 60" and oee minute is again divi:ed i g
called seconds, written as 607, i e
Circular system (radinns)

It 15 another system of measurement of an an i

4 . In i
measure of angle 15 !’adnn, One radian is an angle subumdcucd at :::s c::ur:f :m; :
an arc whose length is equal to radius of the circle, A

Length of an arcis measured by the formula ¢ w rf where ¢

! i
are, @ is central angle of a circle measured in radians and r is sadivs of ::rg:glh o
Ares sector ol virele /

Area of sector of a circle is given by A= %r’O. Where ris radius of clecle, 8

is central angle of sector measured in radians,
Coterminal angles

) Angles having the same initiol and terminal sides are called co-terminal angles
and differ by a multiple of 2 radiuns or 360° they are also called general angles.
Angle in standova pesition
w8 l‘n X\_’-pl:nm: {ca-ondinate plane), il the vertex of an angle lies 3t ongin and
Ilil!:l! side lies on positive x-axis, then such an angle is said to be in standand
position,
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is called quadrant, Being in

Quadrants and quadrantil angles
XY -plane divided int four equal pars €30 S C00'ope 007 10 1807,

quadrants measure of an|
the 1%, 2".3":»1“‘ means o bt
lwwnmum»mmmﬁywmmmm .

ripomametric ratios af umit eirele

These are sin@ =y, cosb=x nnD:-'\';
s
¥

and cos ..'.'gﬂ)nl, cot@=
Yy x

Triganomeliric identitics are

@  cos’@+sin’8=1

i) 1+tn’B=sec’®

@) 1+cor’@=cos'd
Angle of elevation e
the bonlz::ll :ibnmohsmcr's line of sight is called 2ngle of elevation.

Angle of sion K
‘""'i:".?& is below the level of observer’s sight then the angle between

wmﬂu:wm«'thofmummlzo{dmhn

observer's sight then the angle between

Acute angle
An angle is acute if and only i

Acute triangle
A triangle is scute
Adjacent angles )
Two anglesundjnemilmdody:lmcyhvcnoommonnmm
mpoimsinduinluiocdmn;lemindniueﬁordmcodm.

Altitude of a triangle .
As altiteds of a triangle is the perpendicular segment joining 3 veriex of the

uiandelomelhelhnwuinsmeowoﬁeside.
Angle

£ it has a measure greater than 0% and less than 90°,

lfmdonlyithhndna:acuuaglu

Ann;leislheudcnoftwom-coﬂbwnysmdnmmdpoim.

Arc of a cirdle

A-ypo«iono‘medzwﬁmohchtkiscalkdmmonbedmk

Risectar of an angle
A ray that divides an angle int0 two equal adjacent aagles is the bisector of the angle.

Central angle
A central angle of a given circle is an angle whase vertex 1s at the centre of

.

Glassory — =

Chordd
A chord is 3 se|
Ement whase ead poings e on the cirgle

A circle is the set of g1

Clrely
coplanar poine equidistan

Cirenlar reginn th
; A qmnlu region is the union of oM a given point,
Cirewmference of n cirele acircle ang jyg interio,
1 i r
) The perimeter of a circle jg alled jix o
Collincar pulnts IS Circamd;
Paoints are collinear if Y

Complementury angbes

Two angles are complepe,
Concentrle virches Z I3y if and only if the sum

on all of them.
Congruvnt unyles
Angles of the same d
CETTE measure
Congrucnt pres

Congruent circles
Circles with congruent radii are
Congruent figures
Geometric figures are
congruent if angd only if
they have the same 5§
sze and

calied congruent circtes,

shape.

Congraent seqiments
Two or more line se
length EMenls are congroent if and only if they have the same

Congruent (ehsngles

) Given a comespondence ABC «—s

if the corresponding sides ate mgrScnl ‘l')’dEth«wm ey
M the correspondence ABC «—s DEF
tnangles.

i mloltwo triangles,
> P an|
DEF is called o Cmsmc;m‘b:: 5 P

Coplaner potuly

points are coplaner if '3 :
Gt ifand caly if there is a plane that contains all of them.

A stalement that can eusily be proved by applying a theorem,
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Diameter
A chord passing through the ceptre ©
collinear radii form a i reter.

Externally tangent . ] :
Two or miore cirches are externally tangent il they intersect in exactly one

point and if their interiors do not intersect,

Half - plane
Given a linc and the
called half - planes.

Internally wngent )
T'wo or mose circles are internally fangent if they intersect in exactly one point

and if the interiar of ae contair¥ the interior of the ocher.

{ a circle or in the same circle, two
plane containing it, the two scts separated by the line are

Linear pair )
Two angles form a lincar pair if and oaly if they are adjacent angles and the

ROOCOMITON sides are opposite rays,

Major and Minor arcs
The larger of the two arcs is called the majoc are and the smaller one is called

the minor arc.

Measure of an arc

Thcdqmenmudanimrmistbemweoldtcompmdingceum

angle.
The degree measure of a major arc is 360° minus the degree measure of the

coerespanding minor arc. :
The degree measure of a semi-cirche i 180°, The degree measure of a cirche is

taken to be 360°.

Median of a triongle
A segment is 3 median of & tiangle if and only if its end points are a vertex of

the triangle and the midpoint of the opposite side.

Midpaoint .
A point B is called the midpoint of AC if and only if (i} B is between A and €

and (i) mAB=mBC.

Obtuse angle
An angles is obtuse if and only if it has a measure greater than %0 bt less

than 180",

Obtuse triangle
A triangle is obtuse if and only if it has one obtuse angle.

Glosiery

Opposite rays

Parallel lines
‘Two lines are parafjel if they dg neq ¢
Wn&kul;r bisector » $
a given plane, the i
= » Wit perpend; :
pempendicular to the scgment ot jos mﬂﬁ BESClor of o sepment
Radius of a circle . - >
A radius of a circle j5
() Any SeRment wj
x ith one ;
 POInton the circlp oy MUPOIN 31 the cenere
. e
(i3) The distance fryeq all::«:ntn: R
- 10 the cirele.
Ray AB[ AB] is the figuee (ha containg 4
ang
i EVerY point om the same sige
Right angle
An angle of measure 907,
Secant
A secant is a line that intersag i
15 2 circle i
oy n exactly two paints,
If AB is an arc of a circle wi
AB ith centre O and radips umice
segments OF , where P is any point of A5 ixue:t:' T O
seg.m:‘( of a circle
segment of a circle i {
o lsl!lemgmbouhdbyachmdndanm:o(lhe

Smmlc_l’pcnlur) anples
wo angle i P
- gles are supplementary if and caly if the sum of their messures is

Tangent
A line that intersects a circle at exact int i
; \ ly ane paint is called
point of inlersection is called the poimt of tangency (o':o paint of:onl:nTM e




Index 1 2 Indes

e mu Egg : 5 y Equidistant ‘
f Equilateral triangie

- - —_— 264
A Common tangent il .
s Commutative property 88 ' B 11 Ao
Alternando S8 | Complement of a set 86 Extemally &
Angle 192 | Completing square 5 FAtraneous roots
Angle of depression 187 | Complex cube roots 28
Angle of elevation 187 | companendo 58,59 I
Angle in standard position 173 |6 nendo-dividendo 58 R
Apollanius theorem 198 CooceI atric ciccles 212 F""“‘?‘""“r : :
Arc 226 | Convergent Jines 267 Formation of quadratic equation
Area of a circular sector 170 | Congruent circles 227 l'oﬂ‘::“’?mé jor 3
Arnthmetic mean 133 continued pmpoﬂion 57 Frequency v on 122 Mean :eﬂ“ﬂl. 241
Associative property 88 | Comrespondence 113 :ml‘:g;‘)' ygon 127 Mem Topostion P
Comrespoading chards 207 . e 109 | Medizn 52,133,135
x o Coterminal angles 172 Midpoint 133,139
Basic Statistics 120 : N
Bijective function 113 | Cube roots of unity 2 General angle 112 | inor arc 12
Binary relation 107 | Comulative frequency 130 Geomelric mean 145 Major are 226
Biguadratic a [umistion SFPSEy pobygea - 10 Grouped data 2o ::““‘*mm .
i ilate: ode
Cartesian product 106 | b 121 ! PECTES 226 | Ny o sonks
Central angle 206 | oM , a4 i Ham 145,145 |\, . : 2328
organ's Laws l Hexagon on-collinear points
Central tendency 133 ) 247 |y 250
Chord 202 Degrec 166 on-Tepeated 7
Q% Denominator 72 Numerator
Circle 202 s 12
C te 24 Diameter 202
C::::’m'“s 165 Disjoint set 86 Imaginary 2
G e gsv 240 Diffetence of sets 86 ' Impeoper fraction 7 Obtuse angle 194
g Direct method 134 Injective function 112 | @eeOne funcion 12
Circumseribe 257 ° . Onto fisncti
x 2 Direct proportion 67 [ = Inseribed angle 249 on 13
Circumscribed circle 249 ; il Ordered pai
Circumscribed hexagon 258 Direct variation 53 Inscribed polygon 249 pairs 106
Class bousdaries A8 123 Discriminant 23 Internal tangent 264
Class limits T Fesasinen s Micopat e 226249 | Partal fractions o
7 ributive property 89 Internally
Class width 123 Dividendo 58 In - " 21 Perfect square 57
Ca-demain | omain i : fersecting circles 265 | Perpendicular bisectors 251
Co-efficients 531 * m"(‘m of sets 86 | Polygon 253
lato function 11 | Polysomisl 7

Pum-iux
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Product of the roots 32 | Standard ?mfinllorl .
Projection 194,196 | Standard form i3
Proper fraction 72 | Standard position 32
Propertics of cubc roots of undty 29 ::r; Ioct; l‘l:- :;ls N
proporti 52 .
Pﬂblz«anm thearem 184,208 | Surjective function lJ 153
Symmetric functions >
Synthetic division 3
Quadrantal angle 174 | System of cquations
Quadrants 173.176 | .
Quadratic cquation 2 —
Quadratic :q“ommh 6 Tally marks ;f;
Quadnifsteral 245 | Tangent e
Quartic equation 42 Third proportianal ol
Quartiles 151 [ Touching circles 55
Quatient 41 Transyerse ! <l e
Triganometric identities
Trigonometric ratios i
Radian 166 |F —_—
Radical cquation 16 —
Radius 202 | Unequal circles 285
Range 108,111 | Ungrouped data
Ratio 57 Union of sets
Rational fraction ” z
Real Tife problems 26,68 .
Reciprocal equations it ‘\;mlable |5525
Reducible to guadratic form 9 ariance 5
Remainder Vanations
Roots Venn dingrams 95
Secant
Sector of a circle
Semi-circle
Sets
Sexagesimal
simultaneous equations
Soluticn
Salution set
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Pre-Al it P
re-AlRebea, Student Edition-{Glencoe by Corol Malioy, PB.D,, Jack Price,
EA.D. Published by McGraw-Hill (2002}
Mg"""“ and '_r"g""“"‘“n’- 3rd Ed. by Judith A, Beecher, udich A Penna,
Marvin L. Bittinger Published by Addison Wesley; (2007)
Holt Geometry by Schults. Holt Rinchart & Winz i
on Published by
Mifilin Harcourt (2004) o S
Geometry 1,001 Practice Problems For Dummies by Allen Ma, Amber Kuang
(2015)
Fundamentals of college geometry by Edwin M.Hemmerling
Geometry by Cindy J. Boyd, Jerry Cunimins, Carol £ Malloy, Joha A. Cartes,
Alfinio Flores Published by Mcgraw Hill (2007)
Basic math and algebru-United States NAVY (1955)
Infroduction to algebm (the art of probiem solviag) by Richard Rusczyk
Published by AoPS Incorporated (2007)
Eureka-Math-Fun-from-Many-Angles by David Lewis Pablished by Perigee
Trade
Maths-for-Fun. Creative-and-Innovative-Techniques by T. Satyanarayana
Raju
Teach yoursell algebra by Abboet P. Published by Hodder and Stoaghton

(1988)
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